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ABSTRACT
Two dimensional materials are of increasing interest as building blocks for functional
coatings, catalysts, and electrochemical devices. While increasingly sophisticated
processing routes have been designed to obtain high-quality exfoliated nanosheets and
controlled, self-assembled mesostructures, structural characterization of these materials
remains challenging. This work presents a novel method of analyzing pair distribution
function (PDF) data for disordered nanosheet ensembles, where supercell stacking
models are used to infer atom correlations over as much as 50 Å. Hierarchical models are
used to reduce the parameter space of the refined model and help eliminate strongly
correlated parameters.
Three data sets for restacked nanosheet assemblies with stacking disorder are analyzed
using these methods: simulated data for graphene-like layers, experimental data for ~1
nm thick perovskite layers, and experimental data for highly defective δ-MnO2 layers. In
each case, the sensitivity of the PDF to the real-space distribution of layer positions is
demonstrated by exploring the fit residual as a function of stacking vectors. The refined
models demonstrate that nanosheets tend towards local interlayer ordering, which is
hypothesized to be driven by the electrostatic potential of the layer surfaces. Correctly
accounting for interlayer atom correlations permits more accurate refinement of local
structural details including local structure perturbations and defect site occupancies. In
the δ-MnO2 nanosheet material, the new modeling approach identified 14% Mn vacancies
while application of 3D periodic crystalline models to the < 7 Å PDF region suggests a
25% vacancy concentration. In contrast, the perovskite nanosheet material is
demonstrated to exhibit almost negligible structural relaxation in contrast with the bulk
crystalline material from which it is derived.
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CODE AND DATA AVAILABILITY
The work reported in this thesis is based largely on experimental pair distribution
function analysis methods. The data reported in this thesis, as well as the refinement code
written by the author, are available from the Alfred University Research and Archive
repository (http://aura.alfred.edu), or upon request from the author.
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PREFACE
While X-rays share membership in the electromagnetic spectrum with visible lightwhich humans interact with intuitively, X-rays are often accorded a mystique. This is due
in part to the storied history of early X-ray experimentation- for example Röntgen
discovering the invisible radiation in 1895 and then promptly imaging every conceivable
object, including his wife’s hand (Figure 1). Despite their ambiguous title, X-rays do in
fact exhibit the same sorts of behavior as proper visible radiation- transmission and
absorption lead to useful medical X-ray imagining, for example, and reflection is used to
fashion useful x-ray optics.
The work in this thesis is primarily concerned with the branch of X-ray scattering called
diffraction- the constructive and destructive interference of waves that leads to
characteristic maxima and minima when observed from the far field. Historically, X-ray
diffraction (XRD) has been used to determine the structure of crystals which exhibit nearperfect periodicity over long (relative to the X-ray wavelength) range. However, the
origin of X-ray diffraction in an atomic ensemble is the interference of waves scattered
from atom-pairs. In principle we may study the X-ray scattering from any arbitrary
collection of atoms and infer their arrangement from the resulting interference pattern. In
practice this is complicated by a mathematical issue- the so called phase problem, and the
experimental limitations of X-ray sources and detectors. The phase problem is generally
unavoidable because we measure the scattered X-ray intensity which is the modulus of
the wave amplitude, consigning the phase information of the scattered wave to obscurity.
There has, however, been a tremendous advance in detector technology, source brilliance,
and X-ray optics in recent decades, enabling more sophisticated scattering measurements
to be performed. Further, the deployment of free-electron lasers at synchrotron facilities
has enabled successful phase retrieval, permitting some limited direct imaging of
crystalline structures.

xix

Figure 1: Amongst the objects imaged by Röntgen following his discovery of
brehmsstrahlung in 1895 was his wife Bertha’s hand.†
X-ray fluence and detector sensitivity are critically important to measuring scattered
intensity from disordered atom ensembles, especially in cases where the material of
interest is partly crystalline. The intensity of Bragg reflections- the characteristic sharp
diffraction spots observed from ordered crystals, are proportional to the number of
incident photons and to the number of atoms scattering in a particular geometry. For a
crystal of any appreciable size this number is clearly on the order of Avogadro’s number.
While intensity is ideally conserved, disordered atomic ensembles distribute the scattered
photons across a larger swath of reciprocal space in quantities proportional to the
population of favored configurations. As a result, diffuse scattering features are typically
on the order of 103-104 less intense than Bragg spots. The advent of brilliant synchrotron
X-ray sources and improved detector technology has essentially enabled careful
† H. Selinger, Physics Today 48(11), pp. 25-31, 1995.
xx

measurement of diffuse scattering. The present work treats the analysis of X-ray
scattering data collected from ensembles of nanosheet materials- materials with several
atoms thickness and lateral dimensions of hundreds of nanometers or more. These
materials are unique because they contain a regular two-dimensional tessellation of
space-filling motifs but need not have periodicity from sheet to sheet. The extent to
which they are ordered in the transverse direction can vary from the precise limit in
which 3D crystals are recovered to the turbostratic limit in which the average transverse
coherence length is a single sheet. The 2D sheets often exhibit weak interlayer bonding,
leading to 2D electronic band structure and phonon dispersion, even in macroscopic 3D
assemblies. These properties, coupled with conventional solid state chemistry, have
created an exciting new parameter space for scientists to develop materials for catalysis,
capacitor and battery materials, and functional thin films. Precise structure determination
in nanosheet materials is complicated by their low dimensionality, however, occluding
development of the type of mechanistic atomistic models that have proven so powerful in
modern material science.
We have developed novel methods of modeling both the diffuse scattered X-ray intensity
and the derived pair distribution function in order to create atomic structure models for
disordered layered ensembles that are descriptive at both the Ångström and nanometer
length scales. These methods are applied to describe the structure of disordered
perovskite nanosheet assemblies of interest as water oxidation catalysts for hydrogen
evolution, and the structure of electrochemically active δ-MnO2 nanosheet electrodes.

xxi
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NANOSHEETS

While humans have used materials with nanometric dimensions (e.g. gold colloids, clays,
etc.) for centuries, our recent ability to shape and probe matter at the atomic scale has
engendered unprecedented insight into material behavior at short length scales. This
advent of nanotechnology has introduced new design space into the materials science
structure-property paradigm- that of dimensionality.
This work concerns itself with the particular case of nanosheets- materials with
nanometer thickness and micron scale lateral dimensions. Within this simplistic
definition there exists a great deal of complexity. Nanosheet materials can adopt a range
of atomistic motifs, ranging from the trivial hexagonal array in graphene to the
extraordinary complexity of phyllosilicates. Some nanosheets tend towards perfection
and appear invariant from the layered 3D crystal (e.g. exfoliated perovskite, titanates,
etc.) while others exhibit a massively defective lattice (e.g. MnO2). As a consequence of
low dimensionality nanosheets are dominated by surface behavior, leading to strong
surface-electrolyte interactions and macroscopic behavior not typical of bulk materials
with identical chemical composition.
Nanosheets can be synthesized in various ways, including exfoliation routes and
hydrothermal growth methods. In contrast to hydrothermal growth where atoms are
assembled spontaneously from solution into sheet- or plate-like particles, exfoliation
follows a top-down approach. Large thermodynamically stable crystallites of a layered
structure are swollen and delaminated in a suspension. The fact that exfoliation
compounds tend to be synthesized at high temperature results in a nanosheet precursor
with low defect concentration. This nominally provides a control from which to
differentiate the influence of processing steps on atomic structure. Finally, the exfoliation
process lends itself well to scalability as it is in essence a powder processing method.
There are now many thorough reviews on the topic of nanosheet synthesis and
applications (Table I). The following text will provide a brief historical perspective on the
evolution of exfoliation compounds, while referring the reader to a selection of review
papers for further reading. The principal materials discussed in this thesis- layered
perovskites and δ-MnO2, will be discussed in greater detail in the following sections.
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Beyond δ-MnO2 and perovskite materials, transition metal oxides, layered double
hydroxides (LDH), dichalcogenides, and carbide/nitride MAX phases are prominent
exfoliation compounds. Graphite is not considered here.
Table I: Tabulated Reviews Pertaining to the Materials Discussed in This Thesis.
Oxide Reviews: 123456789101112

Ref.

Titanium oxide nanosheets with applications
Artificial superlattices from oxide nanosheets with electrochemical applications
Transition metal oxide nanosheets with applications
2D dielectric nanosheets and device applications
Extensive MnO2 supercapacitor review
Transition metal (Mn, Ti, Nb, W) oxide nanosheets for nanoelectronics
Survey of multiple layer structure types (LDH, Oxides, Chalcogenides)

1
2
3
4
5
6
7

Non-oxide Reviews:
Dichalcogenides
MAX phases
MAX phases

8
9
10

Application Reviews:
Application Overview
Soft Chemistry of Perovkites

11
12
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1.1

Historical context

While the swelling of layered crystals in aqueous suspension has been considered at least
since the 1960’s (e.g. vermiculite (Mg, Fe3+, Al)3(Si, Al)4O10(OH)2∙4H2O13), it was not
until later that the controlled delamination of layered compounds appears to have been
considered. In what has become the general method of obtaining exfoliated nanosheets,
Alberti, Casciola, and Constantino14 achieved so-called infinite swelling, or delamination,
of α-[Zr(PO4)2]H2∙H2O by the intercalation of propylamine (C3H7NH2) :
“A remarkable increase in the interlayer distance and decrease of the interaction
between adjacent layers is to be expected as a consequence of the intercalation of
organic species bearing both a proton acceptor and hydrophobic groups such as
n-alkyl-monoamines.”
This method of incorporating a bulky organic base with attached hydrophobic moiety in
order to weaken the interlayer bonding of layered crystalline compounds has become the
essence of the so-called soft-chemical approach to the modification and exfoliation of
layered crystals.
This concept expanded over the next decade as researchers became interested in
topochemical transformations that preserved the crystalline layer motif following softchemical manipulation. By this time interest had shifted from clay minerals to include
other naturally occurring minerals (e.g. MoS2, graphite, etc.) and synthetic materials
(e.g. HCa2Nb3O10).15 Layered compounds for exfoliation were classified into three types:
I.
II.
III.

Compounds that exfoliate spontaneously
Compounds that require preintercalation to achieve exfoliation
Compounds that are exfoliable by mechanical means

Type I compounds include such traditional colloids as montmorillonite and MoS 2, where
the layer charge is typically neutral leading to weak (e.g. dipole-dipole) interlayer
bonding. Type II colloids include compounds such as α-zirconium phosphate and
protonated layered perovskites (e.g. HCa2Nb3O10) which have substantial layer charge.
This layer charge is typically compensated by intercalation of ionic species (e.g.
hydroxyls) that bridge the layers. Intercalation of organic ligands with long alkyl chains
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physically decreases the intersheet interaction and electrosterically stabilize the nanosheet
colloid, leading in ideal cases to complete exfoliation.
Type III compounds may not truly deserve their own classification, as the essential
consideration in the exfoliation of nanosheets is the control of electrostatic interaction
between neighboring sheets. However, some mechanical means have been demonstrated
to increase the rate of exfoliation or actuate exfoliation of their own accord. Ultrasonic
energy, for example, is known to increase intercalation kinetics (A.J. Jacobson, 199415
and ref. 25 therein). More recently, a small cadre of researchers from the United
Kingdom and Ireland coerced the exfoliation of graphene in a common non-aqueous
solvent (N-Methyl-2-pyrrolidone) using high shear rate mixing (𝛾̇ > 104 s-1).16
From this juncture it was realized that these soft-chemical synthetic methods presented
novel routes to interesting metastable compounds. In 2002, Schaak and Mallouk12
discussed the topotactic manipulation of layered perovskites as a flexible approach to
materials design. They further extrapolated the application of soft-chemical manipulation
of layered compounds as a means to obtaining “made-to-order” perovskite stacking
sequences from layer-by-layer assembly.
With the successful preparation of dielectric, semiconducting, and conductive nanosheet
materials, it was soon realized that exfoliated layered compounds could in fact be used as
building blocks to assemble useful devices. The swelling behavior of the parent layered
compound became of lesser interest than the useful properties of the derived 2D crystal.
In this context the nanosheet emerged as it is considered today.
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1.2

Exfoliation compounds – general methodology

As discussed in the preceding section, the general method of obtaining exfoliated
nanosheets is the weakening of the interlayer forces in layered crystalline materials. In
rare circumstances introduction of an appropriate solvent into the interlayer cavity is
sufficient to facilitate this process. More often, it is necessary to first introduce a surface
chemical change to the nanosheet material by an ion-exchange reaction (e.g. protonation
of an oxide interlayer), intercalation of a bulky swelling agent (e.g. an electrosteric
surfactant), or both (Figure 2).

Figure 2: In a typical exfoliation process, a layered crystalline structure (a) is ionexchanged, resulting in a weakening of the interlayer bonding and yielding (b) a
characteristic stratified microstructure. The layers may peel apart directly when
agitated, or (c) a bulky organic swelling agent may be used to pry apart the layers.
(d) These are reassembled into the desired structure.
5

A great deal of colloidal chemistry has been studied with regard to the particular case of
aqueous oxide interfaces. Most often, oxide materials are terminated in dangling oxygens
which hydrate readily in suspension and provide a hydrophilic surface (Figure 3).17 The
exfoliated colloid can be considered in the formalism of Derjaguin, Landau, Verwey, and
Overbeek (DLVO). The colloid is stabilized through a repulsive screened coulomb force
that competes with an attractive van der Waals force.17

Figure 3: An oxide interface in equilibrium with a pure aqueous environment
changes surface speciation in response to the hydroxyl or hydronium
concentration, resulting in pH-dependent surface charge (after M.N. Rahaman,17
Figure 4.7).
While DLVO theory applies to the exfoliated colloid, the circumstances preceding
exfoliation are somewhat murky. Hydroxyl species and other adsorbates interact with the
spatially non-uniform electrostatic potential of the oxide surface or interlayer gallery. The
forces acting at these length scales are not well described by continuum electrostatics.
Rather, modern computational approaches (i.e. density functional theory; DFT, and
molecular dynamics; MD) are used to investigate these interactions, which are beyond
the scope of this thesis.
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1.3

Materials in this thesis
1.3.1

Perovskites

Perovskite refers both to the mineral CaTiO3 named after Russian mineralogist Lev
Alekseevich Perovskii (1792–1856),18 and to the broader class of materials sharing the
CaTiO3 crystal structure. A large range of atomic species satisfy Pauling’s rules and the
related Goldschmidt tolerance factor19 for the stability of the perovskite crystal structure,
making it one of the most chemically flexible crystal structures existent. Consequently,
perovskites have been broadly exploited for a range of applications including tunable
dielectrics, catalysts, thermoelectrics, photovoltaics, and more.
Beyond the simple perovskite structure, perovskite forming chemistries may belong to
one of several families of layered compounds that are amenable to ion-exchange,
protonation, and exfoliation. These materials generally belong to one of three
homologous series characterized by perovskite slabs of m-octahedra thickness interleaved
by a second structure:
i.
ii.
iii.

Aurivillius: {M(III)2O2}-{Am-1BmO3m+1} (M(III) is typically bismuth)
Ruddlesden-Popper: {M(II)2}-{Am-1BmO3m+1} (M(II) is typically alkaline earth)
Dion-Jacobson: {M(I)}-{Am-1BmO3m+1} (M(I) is often an alkaline)

These materials are typically limited in stability to a certain range of m-values.
Furthermore, there is an apparent correlation between perovskite chemistry and the
stability, or resistance, of a material with regard to exfoliation reactions (i.e. protonation
and swelling of the interlayer gallery with a bulky organic).
While the crystal chemistry of bulk perovskites has been extensively studied, there have
been relatively few studies examining the influence of dimensionality on perovskite
crystal structure and properties. Those studies which have been conducted have generally
been with regard to epitaxially grown films, where interfacial strain plays a critical role in
the observed structure and properties.
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Figure 4: The perovskite family of materials includes the simple perovskite, the
Aurivillius structure (perovskite interleaved with fluorite-structured Bi2O2), the
Ruddlesden-Popper family (perovskite interleaved with rock-salt structure), and
the Dion-Jacobson family (perovskite interleaved with alkali).
In some regards, the processing of nanosheet perovskites has been studied extensively.12
Reassembly of electronically functional ordered heterostructures6 and controlled
hierarchical nano- and mesostructures7 for a wide range of material chemistries has been
considered. In other regards, the processing, structure, and property relationships for
nanomaterials remain mysterious, with emergent behavior being discovered for 2D
analogs of well-studied bulk materials. This is primarily driven by the large surface
fraction in 2D materials which provide different diffusion pathways, enable structural
relaxation, and react sensitively to gaseous and aqueous adsorbates. Further, the reduction
of dimensionality has important implications for the electronic band structure and phonon
spectrum of the material.
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1.3.2

MnO2

Manganese is the ninth most abundant crust-forming cation.20 As such, oxides and
hydroxides of manganese play important roles in many biological21 and geological
processes.22,23 Naturally occurring MnOx minerals generally exist as solid solutions with
other early transition metals (e.g. Fe, Ni, Co),22 and can host a wide range of interstitial
cations and aqueous species. Consequently, MnOx plays an important role in sorption of
various cations in biogenic processes,24,25 environmental remediation26 and elemental
concentration23 of technologically important species. Further, MnOx materials have been
broadly investigated as candidate electrodes for electrochemical energy storage.5,27,28
Manganese oxides can be broadly classified as tectomanganates (Figure 5) and
phyllomanganates (Figure 6), each of which exist in many interrelated polytypes built
from fragments of edge-shared MnO6 polyhedra.22,29 While single phase materials can be
produced synthetically by solid-state and hydrothermal means, naturally occurring MnOx
typically exists as phase mixtures22 Further, MnOx materials frequently contain large
densities of point30 and extended31 defects. As a consequence, unambiguous structure
determination of MnOx materials can be challenging and has been extensively debated
over the past several decades.
The δ-MnO2 layer motif (CdI2 prototype structure), comprised of a 2D array of edgeshared MnO6 octahedra, is the basis for a series of interrelated layered compounds
differentiated by their stacking arrangement, interlayer contents, and layer-defect content.
In well-crystalline examples, varied interlayer cation content and interlayer hydration
state lead to regular layer stacking sequences and polytypes with identifiable bulk crystal
symmetry.31 In the case of nanomaterial variants produced either biogenically21 or
synthetically,29 long range order is discarded in favor of a degenerate collection of locally
ordered sheets (§5). Further, δ-MnO2 is prone to manganese redox in response to changes
in the surface chemical environment.32 Jahn-Teller distortion of the Mn(III)O6 polyhedra
leads to unfavorable strain relieved either by migration of layer Mn(III) to the layer
surface,33 or by apical alignment amongst layer Mn(III)O6 units.34 As a consequence of
this structural complexity, the crystal chemistry and materials engineering of δ-MnO2
materials is the subject of ongoing debate.
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Figure 5: Tunnel-structured tectomanganates include pyrolusite (1x1), ramsdellite
(1x2), hollandite (2x2), romanechite (2x3), and todorokite (3x3).
MnO2 materials can be synthesized from a variety of hydrothermal and solid state
processes. The δ-MnO2 nanosheets discussed in this thesis are derived from synthetic
potassium birnessite- a phyllomanganate constructed from δ-MnO2 layers interleaved
with K. The nanosheets are exfoliated in the conventional fashion by leaching the K in 1
M HCl and swelling the protonated phyllomanganate using tetrabutylammonium
hydroxide (TBAOH).
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Figure 6: Ordered variations of the stacking of δ-MnO2 layers leads to different
crystal structures, including birnessite and chalcophanite.
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2

TOTAL SCATTERING AND THE PAIR DISTRIBUTION
FUNCTION

When waves with wavelength on the order of interatomic separation impinges on
condensed matter, the waves and atoms interact in one of three primary mechanisms: (i)
coherent (elastic or Thompson) scattering; (ii) incoherent (inelastic or Compton)
scattering; and (iii) absorption.1 In a fixed wavelength diffraction experiment, absorption
and incoherent scattering contribute to a featureless monotonic baseline that contains no
structure information, and as a consequence is often ignored. Further, it is assumed that
the probe-matter (e.g. X-ray-electron, neutron-nucleus, etc.) interaction is sufficiently
weak that multiple scattering events in a crystallite are uncommon. The latter is the
essential supposition of the kinematical theory of diffraction,1 which is the basis for the
remainder of this thesis.
Diffraction is the result of two different phenomena: (i) the coherent, elastic scattering of
waves from individual atoms, and (ii) the interference between these scattered waves.
Generally, the interaction mechanism between the wave and matter gives rise to
orientation-dependent amplitude. The interference phenomenon leads to characteristic
maxima in the observed intensity which bears the signature of the distribution of atom
positions in the subject material- a fact that is not entirely intuitive.
While a number of excellent textbooks on X-ray and neutron scattering outline the
fundamental physics involved, many books proceed directly from Fourier analysis of a
crystal or from the Bragg-plane schematic. As Guinier discussed in his text on X-ray
diffraction,2 the formalism of interference in diffraction arises naturally from considering
the phase differences introduced by waves scattered from spatially separate particles.
This general case is more readily extended to the pair distribution function (PDF) which
is the principal subject of this thesis.
Readers will find the classic texts by Warren3 and Guinier2 particularly helpful with
regard to the generalization of the scattering experiment to arbitrary atomic ensembles.
The extension of the two-body pair correlation function to the reduced pair distribution
function has been extensively discussed by Egami and Billinge.4 Finally, Roger Loucks’
class The Physics of Glass (Alfred University, Spring 2013) and his text book in
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preparation on the same subject are a uniquely cogent presentation of the scattering
formalism and the pair correlation function.5
2.1

Scattering and Bragg’s law

The atomistic origin of the phase difference between scattered waves is often introduced
using the Bragg construction (Figure 7). Two coherent plane waves impinge on the points
O and M that lie on two planes defined by the normal vector n and separated by the
vector OM. Assuming the wave amplitude is real and of unit magnitude, the plane waves
are given by the usual equation
𝜑𝑖 (𝒙) = 𝑒 𝑖𝒌𝒊 ∙𝒙

2.1

̂ ) and x is a general coordinate.
where ki is the wave vector of the ith wave (k = 2π / λ 𝐤
The scattered wave arriving at the detector is the superposition of the constituent
scattered waves
𝑁

𝜓(𝒙) = ∑ 𝜑𝑖′ (𝐱).

2.2

𝑖

which may be treated as plane waves for the time being. With the assumption of elastic
scattering, the wave vector k’ will have equal magnitude to the incident wave and
equivalent direction. However, wave 2 will travel an additional path length 2δ. Thus, the
scattered wave arriving at the detector can be rearranged
′

′

′

′

𝜓(𝒙) = 𝑒 𝑖𝒌 ∙𝒙 + 𝑒 𝑖(𝒌 ∙(𝒙+2𝜹)) = 𝑒 𝑖𝒌 ∙𝒙 (1 + 𝑒 𝒊𝒌 ∙𝟐𝜹 ).

2.3

The scalar product 𝐤 ′ ∙ 2𝛅 represents a phase difference between the two scattered waves
denoted p. The form of this equation is notable, as it indicates that the scattered wave
ensemble is simply another collection of waves with amplitude governed by their phase
difference.
As will be discussed in §2.2, it is not the scattered amplitude but rather the scattered
intensity that is observed in a scattering experiment. Thus, the observed intensity will be
proportional to
𝐼(𝑝) ∝ |𝜓(𝒙)|2 = 2 + 𝑒 𝑖𝑝 + 𝑒 −𝑖𝑝 .
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2.4

Figure 7: The Bragg construction is used to calculate the angular position of the
diffracted maxima based on the phase factors caused by waves scattering from
spatially separate points.
Applying the exponential cosine identity, Equation 2.4 becomes

I(p)∝ 2 (1 + cos(p)) .

2.5

The scattered intensity is maximal when the value of p is an even integer multiple of 2π
and zero when p is odd integer multiple of 2π. The phase difference in Figure 7 is readily
calculated from geometric arguments. The path length difference traveled by φ2 is equal
to twice the projection of OM onto k2, yielding the simple geometric relationship
𝑝 = 2|𝑶𝑴||𝒌𝟐 | 𝑠𝑖𝑛(𝜃).

2.6

Substituting the value of p that maximizes Equation 2.5, the magnitude of k2, and
rearranging yields Bragg’s law
𝑛𝜆 = 2 |𝑶𝑴| 𝑠𝑖𝑛(𝜃)

2.7

In the special case of crystalline materials, the values of |OM| are restricted to spacings of
the atomic planes (i.e. the Miller planes) and given the name dhkl, where h, k, and l refer
to the Miller indices specifying the atom planes in the crystal. Thus the positions of
diffracted maxima can be determined, if not the absolute intensity.
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Bragg’s law is convenient if the material under investigation is a crystalline substance,
but does little to explain the use of scattering techniques as a structure probe for
amorphous or poorly crystalline materials. More generally, the interference of waves
scattered from atom pairs is observed in a scattering experiment. The scattered intensity
is sharply peaked in a well-crystalline material because the diffracted intensity is
proportional to the frequency with which specific pair correlations occur. The more
diffuse scattering profiles arising from X-ray scattering in disordered materials contains
equal structural information as in the case of crystalline materials; the distillation of the
data into a unique set of atom positions simply grows more complex.
These concepts can be extended to any probe with wave-like behavior where the
wavelength is on the order of magnitude of the features of interest. These probes are
broadly divided into two groups- DeBroglie or matter waves (e.g. neutrons, electrons,
helium) and Maxwell or electromagnetic waves (e.g. photons). The differing interaction
mechanisms at the atomic level (e.g. nuclear vs. electronic) give rise to complementarity
between probes. While the physical principles remain unchanged, the different interaction
mechanisms lead to different expressions for the relative scattered intensity.
The following sections will introduce the scattering experiment as an interference
phenomenon, where the scattered intensity is represented as the Fourier transform of the
two-body correlation function describing a collection of atoms. The natural connection
between the scattering experiment and the derived pair distribution function will then be
drawn. The atom-probe interaction will be discussed in greater detail in the case of Xrays which are the primary tool used throughout this thesis.
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2.2

Generalized scattering experiment

The generalization of the elastic scattering experiment can be drawn as in Figure 8. A
monochromatic flux of particles or plane waves impinges on a sample of interest. The
particles are represented either by Maxwell waves (i.e. photons) with energy E = hν and
wavelength λ = hc/E or DeBroglie waves (i.e. electrons, neutrons, helium, etc.) with
energy E = p2/2m and wavelength λ = h/p.
The incident flux of particles will be scattered in a variety of elastic and inelastic
mechanisms. The elastic coherent scattered intensity, IS, is recorded as a function of
position relative to the sample and incident beam. In real space this might be denoted in
spherical coordinates r(r, θ, φ). In the convention of crystallography, it is common to use
a fixed sample-to-detector radius r, and define the scattering plane to contain the incident
and scattered beam. In this reduced parameter space the angle between the transmitted
beam and scattered beam is denoted 2θ.

Figure 8: Schematic of a generalized scattering experiment. A collimated,
monochromatic beam with intensity, I0, impinges on a sample. The scattered
intensity, IS, and spatial relation of the scattered beam to the incident beam and
sample is recorded. Other inelastic scattering mechanisms and absorption also
reduce the scattered intensity.
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As is evident from Equation 2.7, the scattering angle is an energy or wavelength
dependent value. Frequently this is transformed into the energy independent quantity q,
the scalar value of the momentum transfer vector q
𝑞=

4𝜋 sin(𝜃)
𝜆

2.8

The scattered intensity, I, is proportional to the incident intensity, I0, through the
differential scattering cross section dσ
𝐼 ∝ 𝑑𝜎𝐼0 .

2.9

The scattering cross section is the probability that an incident particle is scattered by the
subject matter. The incident and observed flux have the units dN/dt or number of particles
per unit time. The relative intensity is further normalized by the area observed by the
detector, dA
𝐼 𝑑𝜎
∝
.
𝐼0 𝑑𝐴

2.10

The incident and scattered intensity can be rewritten as products of the number density of
particles, dN, passing through a differential area, dA, per unit time, dt
𝐼∝

𝑑𝑁
𝑑𝐴𝑑𝑡

2.11

Multiplying by 1 and rearranging of the RHS of Equation 2.11 allows I to be cast as the
product of number density ρ [number / volume] and the velocity of the flux v [length /
time]
𝑑𝑉
𝑑𝑁 𝑑𝑥𝑑𝐴
𝐼( ) ∝
= 𝜌𝑣.
𝑑𝑉
𝑑𝑉 𝑑𝐴𝑑𝑡

2.12

Following the precepts of quantum mechanics we can replace ρ by |ψ|2, the probability of
finding a particle in a differential volume
𝐼 ∝ |𝜓|2 𝑣.

2.13

The following sections demonstrate the relationship between the scattered intensity
measured experimentally and the physical arrangement of the particles that are
interrogated. This information is encoded in the wave function ψ(r, t) which is
constructed from the interference of waves with phase factors dependent on the spatial
20

separation of atom pairs. The structure of the subject material can be obtained by
modeling either the experimentally observed scattered intensity profile, as in the case of
Rietveld refinement; or by analyzing the pair distribution function G(r) which is
proportional to the Fourier transform of the scattered intensity.
2.2.1

Origin of the phase difference in an N-body system

As described simplistically in Equation 2.10, the objective of a scattering experiment is to
record the relative intensity scattered by the subject collection of particles into a detector.
We assume the incident flux is a monochromatic collection of plane collimated traveling
waves which have angular frequency ω and, for simplicity, have unit amplitude
𝜑(𝒓, 𝑡) = 𝑒 𝑖(𝒌∙𝒓−𝜔𝑡) .

2.14

The asymptotic form of the scattered waves (see Appendix 7.1) is given by the spherical
wave of amplitude A
′

𝜑

′ (𝒓,

′

𝑒 𝑖(𝒌 ∙𝒓−𝜔 𝑡)
𝑡) = 𝐴
.
𝒓

2.15

In considering the collection of waves scattered from spatially distant particles, we must
consider an additional phase factor shown schematically in Figure 9. Relative to the
particle at ri, the wave φj scattered by the particle at rj adopts an additional phase
difference proportional to the projection of 𝒓𝒊𝒋 ≡ 𝒓𝒋 – 𝒓𝒊 onto the path traversed by φj,
and vice versa
′

𝜑

′ (𝒓,

′

𝑒 𝑖(𝒌 ∙𝒓−ω t + 𝐤∙𝐫𝐢𝐣)
𝑡) = 𝐴
.
𝒓

2.16

Furthermore, the waves scattered from spatially separate particles no longer traverse the
path length r to the detector but r-rj, where rj is the location of the jth particle.
Substituting 𝐫 → 𝐫 – 𝐫𝐣 , making use of the definition of rij, and rearranging,
Equation 2.16 becomes
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′

))−ω′ t + 𝐤∙𝐫𝐢𝐣 )

𝑒 𝑖(𝒌 ∙(𝒓−(𝒓𝒊𝒋+𝒓𝒊
′
𝜑 (𝒓 − 𝒓𝒋 , 𝑡) = 𝐴
𝒓 − 𝒓𝒋

′

′

′

′

𝑒 𝑖(𝒌 ∙(𝒓−𝒓𝒊 )−ω t +(𝐤−𝐤 )∙𝐫𝐢𝐣)
= 𝐴
𝒓 − 𝒓𝒋

2.17

′

𝑒 𝑖(𝒌 ∙(𝒓−𝒓𝒊 )−ω t +𝐪∙𝐫𝐢𝐣)
′
𝜑 (𝒓 − 𝒓𝒋 , 𝑡) = 𝐴
𝒓 − 𝒓𝒋

2.18

where 𝐪 ≡ (𝐤 − 𝐤 ′ ) is defined as the scattering vector.

Figure 9: Schematic of two scattering sites with relative position rij that
contribute a different phase elements to the observed intensity.
The amplitude of the scattered waves will be given by their interference at a point distant
from the sample. In the laboratory, the detector position is typically on the order of
centimeters whereas the magnitude of rj is typically on the order of Å, so we may make
the assumption 𝐫 − 𝐫𝐣 ≈ 𝐫. Generalizing to an N-particle ensemble
𝑁

𝜓

′ (𝒓,

𝑡) =

∑ 𝜑𝑗′ (𝒓, 𝑡)
𝑗

𝑁

′

′

𝑒 𝑖(𝒌 ∙𝒓−𝜔 𝑡 +𝒒∙𝒓𝒊𝒋)
= ∑ 𝐴𝑗
.
𝒓

2.19

𝑗

Equations 2.13 and 2.19 are combined to obtain an expression for the relative scattered
intensity
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′

2

′
|∑𝑁
|𝜓′ |2 𝑣 𝐼
𝐼
𝑗 𝜑𝑗 (𝒓, 𝑡) |
=
=
=
2
|𝜓|2 𝑣 𝐼0 |∑𝑀
𝐼0
𝑙 𝜑𝑙 (𝒓, 𝑡)|

|∑𝑁
𝑗 𝐴𝑗

′

𝑒 𝑖(𝒌 ∙𝒓−ω t + 𝐪∙𝐫𝐢𝐣)
|
𝒓

2

2.20

𝑖(𝒌∙𝒓−ωt) |2
|∑𝑀
𝑙 𝑒

Upon taking the modulus in Equation 2.20 all terms that do not contain rij cancel,
reducing the equation to
𝑖(𝒒∙(𝒓𝒊𝒋 −𝒓𝒊𝒋′ ))

†
𝑁
𝐼
1 ∑𝑁
𝑗 ∑𝑗 ′ 𝐴𝑗 𝐴𝑗 ′ 𝑒
=
𝑀 0
𝐼0 𝑟 2
∑𝑀
𝑙 ∑𝑙 ′ 𝑒

2.21

Making use of the definition of the solid angle Ω = 𝑑𝐴⁄𝑟 2 and the expression for
scattered intensity in Equation 2.13, we can rewrite Equation 2.21 more compactly as
2

𝑁

𝐼
𝑑𝜎
1
1
=
= 2 |∑ 𝐴𝑗 𝑒 𝑖(𝒒∙𝒓𝒋) | = 2 |𝑆(𝒒)|2
𝐼0 𝑑Ω 𝑀
𝑀

2.22

𝑗

The form of Aj is a function of the matter-probe interaction, thus depending on the
interaction mechanism, the probe energy, and the constituent atoms. For X-rays, this
complex valued variable is generally denoted f(q), the atomic form factor. The form
factor measures the amplitude of a wave scattered from an isolated atom. For X-rays the
magnitude of f increases monotonically with the number of electrons, Z, and has a
Gaussian-like envelope in q-space. It is discussed extensively in classical diffraction texts
(e.g. Warren, 1969).3 For neutrons this complex valued variable is typically denoted b,
the scattering length. The neutron scattering length has no q-dependence, and varies in
magnitude non-monotonically with both atomic number Z and atomic isotope.
The summation in the modulus of Equation 2.21 given the generalized structure factor,
S(q). In practice, the expression for intensity is scaled3 by (e.g. polarization of the
incident flux, thermal atomic motion, absorption, etc.) or convolved6 with (e.g. crystallite
size, strain, and shape, incident beam characteristics, etc.) a number of other functions
that describe how different physical and experimental artifacts influence the observed
intensity. Regardless, retrieving the encoded structural information is in essence the task
of extracting the correct structure factor from the observed scattered intensity.
Note, in the final expression for intensity (Equation 2.22) the time dependence of the
scattered wave has vanished. In the derivation thus far the particle ensemble has been
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treated as a static particle distribution. In real materials, the finite oscillation of atoms
around their equilibrium position introduces the Debye-Waller factor.4 For the present
discussion, the time dependence of the structure factor will be suppressed.
2.2.2

The case of a periodic lattice

In the case of a crystalline lattice, atoms are situated at periodic intervals specified by a
fractional vector coordinate called a basis vector (e.g. 𝐫𝐢 = 𝑥𝑖 𝐚 + 𝑦𝑖 𝐛 + 𝑧𝑖 𝐜) and a
Bravais lattice vector (e.g. 𝐑 = 𝑢𝐚 + 𝑣𝐛 + 𝑤𝐜) expressed as integer multiples of the unit
cell vectors a, b, and c.7 The separation of distant atom pairs can be written using the
fractional coordinate of the ith and jth atom and the vector Ruvw between the origins of the
respective unit cells. With N unit cells containing nc atoms each
𝑁𝑎 𝑁𝑏 𝑁𝑐 𝑛𝑐

1
𝜓(𝒓) =
∑ ∑ ∑ ∑ 𝐴𝑗 𝑒 𝑖𝐪∙(𝐑𝑢𝑣𝑤 +𝐫𝑗)
𝑁𝑎 𝑁𝑏 𝑁𝑐
𝑢

𝑣

𝑤

𝑁𝑎,𝑏,𝑐

2.23

𝑗

𝑛𝑐

1
𝜓(𝒓) =
∑ 𝑒 𝑖𝐪∙𝐑𝑢𝑣𝑤 ∑ 𝐴𝑗 𝑒 𝑖𝐪∙𝐫𝑗
𝑁𝑎 𝑁𝑏 𝑁𝑐
𝑢,𝑣,𝑤

2.24

𝑗

As a consequence of periodicity in a crystal the atomic arrangement appears identical
regardless of with respect to each unit cell origin
ψ(𝐑 𝑢𝑣𝑤 + 𝐫) = ψ(𝐫)

2.25

𝑒 𝑖𝐪∙(𝐑𝑢𝑣𝑤 +𝐫) = 𝑒 𝑖𝐪∙𝐫 .

2.26

leading to the equality

Equation 2.26 holds only if ei𝐪∙𝐑 = 1, or 𝐪 ∙ 𝐑 = 𝑛2𝜋 where n is an integer. As Ruvw has
units of length, q must therefore have units of inverse length, consistent with our earlier
definition of k. Given R is defined in integer multiples of the basis forming the unit cell,
q in this periodic case takes on the specific form denoted Ghkl7
𝐆𝒉𝒌𝒍 = ℎ𝐚∗ + 𝑘𝐛∗ + 𝑙𝐜 ∗
𝐚∗ =

2𝜋 𝐛 × 𝐜
and cyclic permutations.
𝐚∙ 𝐛×𝐜
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2.27
2.28

The basis described in Equation 2.27 is called the reciprocal lattice. In the limit where N
becomes large, as in the case of condensed matter, the leading term of Equation 2.24
becomes the Dirac comb4
𝑁𝑎,𝑏,𝑐

1
lim
∑ 𝑒 𝑖𝐪∙𝐑𝑢𝑣𝑤 = 𝛿(𝐪 − 𝐆𝐡𝐤𝐥 )
𝑁𝑎,𝑏,𝑐 → ∞ 𝑁𝑎 𝑁𝑏 𝑁𝑐

2.29

𝑢,𝑣,𝑤

establishing the Bragg condition- i.e. diffracted beams occur only when the scattering
vector is coincident with the reciprocal lattice. In this case the scattered intensity can be
rewritten
𝑛𝑐

𝑛𝑐

𝑑𝜎
= |𝜓(𝒓)|2 = 𝛿(𝐪 − 𝐆𝐡𝐤𝐥 ) ∑ ∑ 𝐴𝑗 𝑒 𝑖𝐆ℎ𝑘𝑙 (𝐫𝑖 −𝐫𝑗) = 𝛿(𝐪 − 𝐆𝐡𝐤𝐥 )|Fℎ𝑘𝑙 |𝟐
𝑑Ω
𝑖

2.30

𝑗

where Fhkl is the crystalline structure factor for the atomic basis containing nc atoms
𝑛𝑐

F𝒉𝒌𝒍 = ∑ 𝐴𝑗 𝑒 𝑖𝐆𝒉𝒌𝒍 ∙𝐫𝑗 .

2.31

𝑗

In a single crystal the vector equality q = Ghkl is required, while in isotropic solids (e.g.
gasses, liquids, powder-averaged microcrystalline ensembles) the condition is relaxed
such that |q| = |Ghkl|.
By comparison of Equations 2.22 and 2.30 we can see that periodicity provides a
tremendous advantage, in regard to the fact that the double summation over all particles
in the specimen is reduced to a sum over the repeating particle basis.
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2.3

The 2-body correlation function and the structure factor
2.3.1

The pair correlation function

In materials where atoms are not periodically arranged, intensity is no longer subject to
the Dirac comb δ(q – Ghkl), resulting in an intensity function that is continuous in Q. In
this case it becomes convenient to represent by the particle density function ρ(r) which
has finite value for the differential volume containing a single particle
𝑁

𝜌(𝒓) = ∑ 𝛿(𝒓 − 𝒓𝒊 ) .

2.32

𝑖

We can rewrite S(Q) for the set of particles in the volume ΔV as
𝑁

𝑆(𝒒) = ∑ 𝛿(𝒓 − 𝒓𝒊 )𝛥𝑉𝑒 𝑖𝒒∙𝒓 .

2.33

𝑖

In the limit of where ΔV becomes infinitesimal Equation 2.33 can be recast as the integral
equation
∞

𝑆(𝒒) = ∫ 𝜌(𝒓)𝑒 𝑖𝒒∙𝒓 𝑑 3 𝒓,

2.34

0

and using the dummy variables r’ and r’’ the scattered intensity can be recast as
∞

′

∞

′′

𝐼(𝒒) = |𝑆(𝒒)|2 = ∫ 𝜌(𝒓′ )𝑒 𝑖𝒒∙𝒓 𝑑 3 𝒓′ ∫ 𝜌(𝒓′′ )𝑒 −𝑖𝒒∙𝒓 𝑑 3 𝒓′′ .
0

2.35

0

With the substitution of variables 𝐫 = 𝐫 ′′ − 𝐫 ′ and rearrangement
𝐼(𝒒) = ∫ {∫ ρ(𝐫 ′ )ρ(𝐫 + 𝐫 ′ ) d3 𝐫 ′ } 𝑒 𝑖𝒒∙ 𝒓 𝑑 3 𝒓
𝐫12

2.36

𝐫1

g(𝒓) = ∫ ρ(𝐫 ′ )ρ(𝐫 + 𝐫 ′ )d3 𝒓′
𝐫′

2.37

The term g(𝒓) is the atom density-density correlation function, often simply called the
pair correlation function.
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2.3.2

The reduced pair distribution function and the total scattering structure factor

The role of the pair correlation function in building up the interference function I(q) can
be examined by examining the integral in consideration of the properties of Dirac delta
functions
∫ f(x)δ(x − x0 )dx = f(x0 )
x

2.38

This extends to the vector delta function
𝑁 (𝑁−1)

g(𝒓) = ∑ ∑ ∫ δ(𝐫 ′ − 𝐫𝐢 ) δ(𝐫 + 𝐫 ′ − 𝐫𝐣 )d3 𝐫 ′
𝑖

𝑗≠𝑖

𝐫′

𝑁 (𝑁−1)

2.39

= ∑ ∑ δ(𝐫i + 𝐫 − 𝐫j )
𝑖

𝑗≠𝑖
𝑁 (𝑁−1)

𝑔(𝒓) = ∑ ∑ δ(𝐫 − 𝐫ij )
𝑖

2.40

𝑗≠𝑖

𝐼(𝒒) = ∫𝑔(𝒓)𝑒 𝑖𝒒∙ 𝒓 𝑑 3 𝒓
𝒓

2.41

From Equation 2.41 it is seen that scattered waves contribute to the observed intensity
only when they satisfy the interference condition 𝐫 = 𝐫𝐢𝐣 . In other words, the scattered
intensity depends only on the radius of separation between particles and not at all on
their absolute position in object space. This equation is of central importance to
diffraction theory, as all other expressions for diffracted intensities are derived from this
completely general case, subject to particular assumptions.
Equation 2.41 also suggests that mathematical formalism with which to proceed. By
analogy with the complex exponential definition of the integral Fourier transformation
ℱ(𝑘(𝑥)) = ∫ 𝑘(𝑥)𝑒 𝑖2𝜋𝑥𝑠 𝑑𝑥 = 𝑓(𝑠)

2.42

ℱ −1 (𝑓(𝑠)) = ∫ 𝑓(𝑠) 𝑒 −𝑖2𝜋𝑥𝑠 𝑑𝑥 = 𝑘(𝑥)

2.43
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In the experimental measurement of the pair distribution function the scattered intensity
is collected, corrected for non-elastic contributions, and normalized. In a confusing
change of conventions, this corrected, normalized intensity is often called the total
scattering structure function S(Q)4
𝑆(𝑸) ∝

|𝜓(𝒓, 𝑡)2 |
≠ 𝑆(𝒒) ∝ 𝜓(𝒓, 𝑡)
〈𝑎〉

2.44

although the two are clearly related. Whereas q is typically used in the traditional
scattering literature, Q is commonly employed in the PDF and total scattering literature.
From Equations 2.41 and 2.43 we can immediately write
𝑔(𝐫) = ∫ 𝑆(𝐐)ei𝐪∙ 𝐫 d3 𝐐
𝐪

2.45

Making the further assumption that scattering in the subject material is isotropic (e.g. as
in a gas, amorphous solid, or powder-averaged microcrystalline ensemble) implies that
the scattering will depend only on the magnitude of q rather than the direction, and the
angular dependence can be integrated out. Changing from Cartesian to spherical
coordinates and arbitrarily assuming the azimuthal angle lies between q and r
g(𝑟) = ∭ 𝑆(𝑄)𝑒 𝑖𝑞𝑟 𝑐𝑜𝑠(𝜃) 𝑄 2 𝑠𝑖𝑛(𝜃) 𝑑𝜑 𝑑𝜃 𝑑𝑄

2.46

Making the change of variables x = q r cos(θ), g(r) becomes
𝑔(𝑟) = 8𝜋 ∫ 𝑆(𝑄)

𝑠𝑖𝑛(𝑄𝑟) 2
𝑄 𝑑𝑄
𝑄𝑟

2.47

It is common4 to instead take the transform of g(r) − 1, leading finally to the expression
4𝜋𝑟𝜌0 [𝑔(𝑟) − 1] = ∫ 𝑞(𝑆(𝑄) − 1) sin(𝑄𝑟) 𝑑𝑄

2.48

𝐺(𝑟) = ∫ 𝐹(𝑄) sin(𝑄𝑟) 𝑑𝑄

2.49

G(r) is the reduced atomic pair distribution function and F(Q) is the reduced total
scattering structure factor.
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2.3.3

Interpretation of the reduced pair distribution function G(r)

The usual interpretation of the pair correlation function G(r) is given schematically by
Figure 10. The pair correlation function is a two-body quantity, in the sense that it
depends only on the radius of separation between two particles and not their absolute
coordinates in object space.

Figure 10: 2D schematic of the radial distribution function.
The differential number of particles dnr in the spherical shell between radius r and r + dr
is given by the product of the pair correlation function g(r) and the average particle
density ρ0. In the case where isotropic scattering is assumed, this reduces to
𝑟2

𝑟2

∫ 𝑑𝑛𝑟 = ∬ ∫ 𝑔(𝑟)𝜌0 𝑟 2 cos 𝜃 𝑑𝑟𝑑𝜑 𝑑𝜃 = ∫ 4𝜋𝜌0 𝑟 2 𝑔(𝑟)𝑑𝑟
𝑟1

𝑟1

2.50

By inspection of the integrands and with use of the definition 𝜌(𝑟) = 𝜌0 𝑔(𝑟), the
differential number of particles in this spherical shell is
𝑑𝑛𝑟 = 4𝜋𝑟 2 𝜌(𝑟)𝑑𝑟
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2.51

The quantity 4𝜋𝑟 2 𝜌(𝑟) is called the radial distribution function, R(r). By comparison of
Equation 2.50 with the LHS of Equation 2.48 we observe G(r) takes on a comparable
form
𝐺(𝑟) = 4𝜋𝑟𝜌0 [𝑔(𝑟) − 1] = 4𝜋𝑟𝜌(𝑟) − 4𝜋𝑟𝜌0 .

2.52

Consequently, G(r) can be expressed
𝐺(𝑟) =

𝑅(𝑟)
− 4𝜋𝑟𝜌0
𝑟

2.53

These equations contain the intuitive interpretation of the isotropic reduced pair
distribution function. In the case where there are no correlations (i.e. 𝑔(𝑟) = 1) the
number density of the subject matter is everywhere uniform and Equations 2.52 is equal
to zero. In the case where the collection of particles is correlated (i.e. 𝑔(𝑟) ≠ 1) G(r)
will contain modulations that indicate whether the linear number density, which depends
on ρ(r), is greater or less than average, i.e.
𝐺(𝑟) = {

+, 𝜌(𝑟) > 𝜌0
−, 𝜌(𝑟) < 𝜌0

2.54

Further, G(r) is well behaved in comparison to R(r) which becomes asymptotic, which
can be readily seen by taking the limit as r increases towards large values
lim {4𝜋𝑟 2 𝜌(𝑟)} = ∞

𝑟→∞
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2.55

2.4

Acquiring a pair distribution function

Thus far the scattering experiment has been considered in idealized terms. In practice, the
probe-matter interaction is not comprised only of single elastic scattering events. Rather,
the observed scattered intensity is the product of elastic coherent structural scattering,
incoherent inelastic scattering, Laue monotonic scattering, as well as absorption,
fluorescence, polarization, and more.4 All of these quantities depend strongly on the
probe, which are typically restricted to X-rays and neutrons as other possible choices (i.e.
electrons) suffer from much larger sample interaction, violating assumptions like single
scattering and leading to other experimental complications (e.g. absorption, beam
damage, etc.). Meanwhile, the pair distribution function is obtained from the Fourier
transform of reduced total scattering structure factor— that is, from the singly coherently
elastically scattered signal only. These sundry undesired contributions to the observed
intensity must be removed in the experiment, or corrected for in the data, before a reliable
PDF can be obtained.
In practice, a small number of experimental methods are used to obtain PDF data because
of the complicated data corrections required. X-ray PDF data are commonly collected in
Debye-Scherrer geometry with modern Ag or Mo sources in a laboratory diffractometer,
or in the “rapid-acquisition PDF” geometry8 (RA-PDF) featuring a high-energy X-ray
beam in transmission geometry coupled with a large area image plate detector. The
success of the RA-PDF technique, largely due to the serialization of data acquisition
implicit in the use of an image plate detector, has led to its routine use at many
synchrotron facilities where high quality PDF data for strong scatterers may be obtained
in seconds. In contrast, the substantially smaller fluence of laboratory instruments leads
to typical acquisition times on the order of tens of hours.
While the design of neutron scattering instruments is generally more complicated, a
handful of dedicated neutron PDF instruments exist including: the Nanoscale Ordered
Materials Diffractometer9 (NOMAD, Spallation Neutron Source, Oak Ridge National
Laboratory) and the Neutron Pair Distribution Function neutron diffractometer (NPDF,
Lujan Center, Los Alamos National Laboratory) in the US; and the Near and
InterMediate Range Order Diffractometer10 (NIMROD, ISIS, Rutherford Appleton
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Laboratory) in the UK. Other neutron diffraction instruments used to obtain neutron pair
distribution function (NPDF) data have been compared in litterature.11
A general discussion of PDF acquisition and reduction practices are given in the
following sections. Particular details for the data discussed in chapters 4 and 5 are given
in the respective chapters.
2.4.1

Data acquisition

In the RA-PDF geometry, the image plate detector is positioned to intersect a maximal
area of the scattered Debye cones from a transmission powder diffraction experiment
(Figure 11). However, the Q-space resolution of this experimental geometry is limited by
the pixel density of the image plate detector, leading to an inverse relationship between
the range of data captured and the Q-space resolution (Figure 12). In the Fourier
transformed data Q-max correlates to real-space resolution, while Q-space resolution
translates to a dampening envelope contributing to the extinction of oscillations in G(r) at
finite radius. Choice of beam energy, which affects the solid angle of the Debye cone and
the beam energy resolution, and detector position are therefore a compromise. All X-ray
PDF data collected on the Advanced Photon Source (APS) beamline 11-ID-B (Argonne
National Laboratory, Lemont, IL) in this thesis were obtained from a detector distance of
18 cm (Q-max = 24 Å-1) using a 58.6 keV Si <311> monochromated beam and an areal
pixel density of 2500 cm-2.
Neutron powder diffractometers are generally more complicated than their X-ray
counterparts; their principles and construction are described elsewhere (e.g. NOMAD,9
NIMROD,10 Powgen12). However, it is worth noting that both reactor and spallation
neutron sources provide a large flux of epithermal neutrons giving neutron PDF (NPDF)
experiments implicit access to large momentum transfer. A classic example of the utility
of NPDF leveraging the access to high-Q data is the observation of short range order
(SRO) of the zinc blende structure. In ZnSexTe1-x, Zn-Se and Zn-Te exhibit distinct bond
lengths that can be resolved with sufficiently high real-space resolution. This and the
effect of Q-resolution are helpfully discussed by Proffen et al.13
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Figure 11: A 41 x 41 cm image plate positioned (a) 95 cm and (b) 18 cm from a
CeO2-filled capillary (data: APS 11-ID-B)

33

Figure 12: Comparison of integrated 2D data collected at 18 and 95 cm (a). The
extended Q-range is collected at the expense of Q-resolution- the CeO2 <111> full
width at half maximum (FWHM) are 0.2 nm-1 and 0.08 nm-1 respectively (b)
(data: APS 11-ID-B).
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With the appropriate instrument, acquisition of a pair distribution function amounts to
carefully collecting high-quality data over the largest feasible Q-range for both the
specimen of interest and all material in the beam path not relevant to that sample. For
powder diffraction data, this usually requires data acquisition from a powder-filled
capillary and an empty capillary. The subtracted data then nominally contains no
extraneous scattered signal (e.g. air scattering, container scattering, etc.). Finally, the
subtracted data is corrected for any experimental artifacts (e.g. polarization, detector
efficiency, etc.).
2.4.2

Data reduction

Once the correct coherent single scattering sample cross section has been obtained, the
total scattering structure factor is extracted by subtracting the Laue monotonic diffuse
scattering contribution (§7.2) and normalizing by the average scattering factor
𝑆(𝑄) =

〈𝑏 2 〉 − 〈𝑏〉2
1 𝑑𝜎
𝐼(𝑄)
(
)
+
(
)=
.
2
2
〈𝑏〉 𝑑Ω
〈𝑏〉
〈𝑏〉2

2.56

Once S(Q) is obtained, in principle all that is required is to calculate the sine Fourier
transform of Q[S(Q) – 1]. In practice, there are often slight inaccuracies in each step of
the data reduction process, leading to a slowly-varying background in S(Q) which is
empirically eliminated. S(Q) should converge to 1 at the maximum measured Q-range,
and the oscillations in the data should vanish, essentially corresponding to measurement
of the complete range permitted by the Debye-Waller envelope. Truncation of the
reciprocal space data before this point results in termination ripples presenting as large
oscillations at low-r in the reduced PDF. Meanwhile, inadequate counting statistics at
high-Q result in the Fourier transformation of noisy signal leading to high frequency
oscillations at high-r. Well behaved data is presented in Figure 13.
This discussion is rather limited in scope, as the particular corrections applied will
depend on the instrument and experimental geometry, and on the choice of probe. An
extensive discussion of the data collection and analysis required for PDF extraction is
given by Egami and Billinge.4 Further, there are now a handful of software packages that
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contain implementations of the necessary data manipulations required for X-ray 14,15 and
neutron 16 PDF data reduction.

Figure 13: I(Q), F(Q), and G(r) for a layered perovskite demonstrate the ideal
form of each data representation: F(Q) converged to 0 at high-Q and ripples in the
data vanish at Q-max; G(r) at low-r is free of termination ripples and the absence
of high-frequency ripples at high-r indicates adequate counting statistics at high-Q
(data: APS 11-ID-B).
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3 ANALYSIS OF STACKING DISORDERED NANOSHEET
ENSEMBLES
Traditional X-ray crystallography is rooted in symmetry, where group theory is applied to
reduce the number of free parameters needed to completely specify the repeating motif of
a crystal (i.e. the asymmetric unit). Analogous to the “nanostructure problem”,1 materials
exhibiting extensive layer disorder result in an expanded parameter space while
experimental powder diffraction data yield fewer identifiable Bragg peaks. Consequently,
it becomes increasingly challenging, or impossible, to identify unique solutions to the
inverse structure problem.1
Instead of completely specifying the absolute atom positions in a stacking disordered
ensemble, it is more common to specify a stochastic stacking model.2 A layer motif is
assumed and a set of vectors and transition probabilities specifying the relative positions
and likelihood of occurrence suffice to reproduce atom positions in the direction of lost
symmetry. This method has proved to be a powerful tool for modeling the diffracted
profiles of stacking disordered materials, ranging from simple layer motifs like graphene
to complex ones as in zeolites.2
While in some structures identification of interlayer vectors is trivial (e.g. A/B/C layer
transitions in close-packed lattices), other materials have no obvious rules for choosing
likely interlayer vectors. Each possible layer type (layer motif + vector) results in 10
additional parameters: 1 probability, 3 vector components, and 6 uncertainty parameters
(analogous to anisotropic thermal displacement). Further, for N principles layer types N2
possible stacking sequences exist- for example amongst layer types A and B there exist
stacks comprised of …AAA… and …BBB…, but unless the material is phase segregated
(i.e. the trivial case) there also exist transitions between type A and type B domains
…A(AB)B…. and …B(BA)A. The impact of the stacking description on powder
diffraction from extremely disordered layered ensembles is to perturb the diffuse hkl
bands- again the nanostructure inverse problem is encountered.
In §3.1 a brief survey of the traditional analysis of powder diffraction data from stacking
disordered materials is presented. The following sections introduce the real-space
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stacking disorder analysis methods developed in this work (§3.2) and present an example
analysis of synthetic PDF data for graphene-like layers with stacking disorder (§3.3).
3.1

Reciprocal space analysis

Stacking disordered solids have generally been analyzed by considering their powder
diffraction profiles. Materials with low positional uncertainty may result in ordered
polytypes presenting sharp diffraction peaks that can be analyzed through traditional
crystallographic means (i.e. identification of symmetry elements and a three dimensional
model). Materials with large positional uncertainty present sharp diffracted features
where crystallographic planes are independent of the stacking vector (e.g. hk0 where
layers stack along c) and diffuse hkl bands otherwise. Further, distinct basal reflections
(00l where layers stack along c) are often observed as the restacked layers constitute a
periodic density along the stacking direction, although size effects and irregular layer
spacing may broaden these reflections substantially.
Historically, two principal methods have been used to calculate the scattered intensity
profile due to stacking disordered layer ensembles- the Debye scattering formalism3, and
the recursive2 or matrix4 formalism. The Debye scattering method computes the
interference due to a large explicit model (e.g. all atom positions are specified).
Simplistically, this can be represented as a sum of the form
𝑁

𝑁

𝐼(𝑄) = 𝐴(𝑄) ∑ ∑ 𝑏𝑖 𝑏𝑗 𝑠𝑖𝑛𝑐(𝑄𝑟𝑖𝑗 )
𝑖

3.1

𝑗

where the prefactor embeds the angle-dependent experimental corrections (e.g.
polarization, absorption, etc.) and powder averaging is assumed. The Debye method is
implemented in modern software packages such as DEBUSSY 5. The recursive method
computes the scattered intensity implicitly using a specified layer basis and an assumed
stochastic distribution of layer types (typically a Markov chain). Simplistically, this can
be represented by recasting the scattering density in Equation 2.35 as a convolution of the
basis of the individual layer types (li(r)) with the spatial layer distribution (oij(r))

40

𝑛𝑙

𝑛𝑎

𝜌(𝒓) = ∑ {∑ 𝑜𝑖𝑗 (𝒓)} ∗ 𝑙𝑖 (𝒓)
𝑖=1

3.2

𝑗=1
2

𝐼(𝑸) ∝ |∮ 𝜌(𝒓)𝑒 𝑖 𝑸∙𝒓 𝑑 3 𝒓| .
The recursive method is implemented in several programs, including DIFFaX

3.3
2

and

CALCIPOW 6 amongst others.
The majority of analyses performed in this thesis consider the reduced pair distribution
function rather than the powder diffraction profile because refinement of unknown
stacking vectors from diffuse intensity bands is difficult. Not only can differences
between test models be subtle, but the number of possible stacking configurations in
reassembled nanosheets can be large. To specify a stacking problem in the recursive
formalism implemented in DIFFaX a transition probability, three vector components, and
the six unique elements of a 3D covariance matrix must be specified for each of N2 layer
types. In a later example (§0), PDF analysis will indicate at least six degenerate stacking
vectors as a likely solutions. Refinement of this information from the powder diffraction
profile would require populating 360 extensively correlated variables. Without proper
constraint, such a model would not produce meaningful results.
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3.2

Real space stacking analysis

Stacking disorder manifests in the pair distribution function in two ways- position
disorder impacts the distribution of atom correlation peaks in G(r), and position
uncertainty impacts the damping of G(r). The first effect is intuitive as the stacking
disorder redistributes interlayer atom correlations, and can be used to extract the position
of neighboring sheets. The second effect is less intuitive- as a consequence of the
broadened Bragg reflections in Q-space the resulting PDF is attenuated in real-space,
analogous to the damping artifact due to finite diffractometer resolution. This
corresponds to the decorrelation of atom pairs across successive independent layer
transitions with poor positional certainty.
The first step to constructing a stacking disorder model is to establish the likely stacking
vectors present in the disordered ensemble. While close packed lattices (i.e. stacking
faulted metals) often adopt a discrete set of stacking vectors governed by interlayer
bonding, nanosheet ensembles often adopt a larger distribution of states dependent upon
the nature of the assembly. In the limiting case of layered crystals one stacking motif may
predominate or a discrete set of stacking vectors may occur, however the uncertainty of
the stacking vectors will be small. Reassembled nanosheets typically possess a solvated
surface layer which screens the interaction between neighboring layers, resulting in larger
positional uncertainty and a more continuous distribution of stacking vectors. Between
these two extremes topochemically modified layered compounds often demonstrate
increased disorder following intercalation of guest species or leaching of interlayer
species. In these latter cases, assignment of probable stacking vectors by inspection of the
layer atomic motif can become intractable.
In principle a Fourier transformation is a unitary operation- that is to say, the stacking
vectors observed in a stacking disordered ensemble could be recovered equally from the
scattered intensity or from the derived pair distribution function. In practice, this depends
heavily on the extent of crystallinity present in the sample. Well-ordered layered
polytypes exhibit characteristic sharp diffraction features that can be analyzed by
crystallographic means.7 When position uncertainties are large, the manifestation of
stacking disorder in diffraction data is in diffuse intensity bands orders of magnitude
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weaker than the Bragg spots.8 Consequently the residual in the optimization of a structure
model will be substantially weighted towards the average atomic structure of the layer
motif and the refined stacking vectors will have large associated uncertainties.
Stacking disorder manifests in the pair distribution function with roughly equal weight to
the layer atomic motif. This conclusion can be drawn from consideration of the radial
distribution function described in Figure 10. The relative contribution of atom
correlations in neighboring sheets is proportional to the volume of the differential
spherical shell 4𝜋𝑟 2 𝜌(𝑟)𝑑𝑟, while the contributions of intralayer species increases as an
equatorial band of the same. At very small radius purely intralayer atomic correlations
dominate, while at larger radius the PDF is dominated by interlayer correlations which
embed the relative position and positional uncertainties of the nanosheet ensemble.
The following sections will discuss the state of the art in PDF modeling of disordered
layered ensembles as it extends to nanosheet materials- a subject which is developing at
present. The central approximation assumed in the approach developed within this thesis
is discussed, as layer ensembles with high positional certainty will violate certain
precepts of this method. Finally, the usefulness of this approach will be demonstrated
using “synthetic” data, wherefrom the original disorder parameters can be recovered from
an otherwise intractable dataset.
3.2.1

Refinement of G(r) for stacking disordered ensembles

While software to calculate the X-ray and neutron scattered intensity for stacking
disordered ensembles exists (e.g. DIFFaX 2, CALCIPOW 6, DISCUS 9, etc.), software
intended explicitly to calculate the pair distribution function of stacking disordered
ensembles does not. Some “large-box” modelling software (e.g. DISCUS 9, RMCProfile
10

) has been used to analyze nanosheet ensembles, however amongst the PDF analysis

community the best approach has yet to emerge.
Recently Wang et al.11 have used so-called “large-box” RMC modeling strategies to
create explicit layer ensembles of MAX-phase12,13 layers consistent with experimental
neutron scattering data using the software package DISCUS9. In this approach, the
position of atoms in subsequent layers are controlled by hierarchical stacking parameters,
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dramatically reducing the parameter space and leading to physically meaningful results.
Construction of large explicit models results in an exact reproduction of the observed
PDF, including correlations beyond the nearest-neighbor sheet, so long as the model is
large enough to include all possible configurations. However, the approach is relatively
computationally costly.
In this work an approximate method of accounting for stacking disorder is introduced,
whereby supercell models representing single layer-layer transition types are aggregated.
Within each model, atom positions are constrained by hierarchical parameters- namely
the interlayer vector for that transition type. Provided the supercell is large enough to
minimize edge-effects, this method provides the computational enhancement of
periodicity to accelerate the PDF computation.
To implement refinement of stacking disordered models, a Python refinement engine was
coded. This method is demonstrated conceptually in Figure 14. Phase objects are
represented by a layer motif and a collection of stacking vectors, which are expanded into
appropriately weighted supercell models. PDF calculations are performed using the
package DiffPy-CMI 1, and model optimization and statistical analysis are driven by lmfit
14

and emcee 15 respectively.

Figure 14: Schematic representation of Python code. A user inputs a layer
structure and other model details, and a subsequent Python routine expands the
supercell model, calculates appropriately scaled data. This facilitates refinement
via an appropriate minimizer.
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3.2.2

Approximation of G(r) in the case of weak layer correlation

The formalism to address interlayer correlations is similar to the concept of correlated
atomic vibration. Atoms will tend to be most strongly correlated with neighboring atoms,
leading to a radius-dependent broadening of the atom pair correlations. A similar attribute
manifests between layers in lamellar compounds, albeit with greater variability in the
intervening forces.
Weak interlayer bonding leads to a useful approximation to simplify calculation of PDF
for stacking disordered layered ensembles. Assuming (i) the pair correlation function can
be written as a collection of partial sums and (ii) the layers are not rigidly bound (i.e.
position disorder is independent), the PDF can be computed as a weighted sum of
independent layer models which
3.2.2.1

G(r) as a collection of partial sums

The first assumption is simply another way of stating that the pair distribution function,
which is proportional to the pair correlation function, has the commutative property.
Consider the reduced pair distribution function obtained from a powder X-ray scattering
experiment
𝑄𝑚𝑎𝑥

𝐺(𝑟) ≡ 4𝜋𝑟[𝜌(𝑟) − 𝜌0 ] =

∫ 𝑄[𝑆(𝑄) − 1] sin(𝑄𝑟) 𝑑𝑄.

3.1

𝑄𝑚𝑖𝑛

G(r) is proportional to ρ(r)- the pair density function, and to ρ0- the ensemble average
atomic density. The pair density function is defined as the product of the average atomic
density and the pair correlation function 𝑔(𝒓12 ). The pair correlation function is defined
𝑁 𝑁−1

𝑔 (𝒓) = ∑ ∑ 𝛿(𝒓 − 𝒓𝑖,𝑗 ).
𝑖

3.2

𝑗 ≠𝑖

This is identical to the atomic density-density autocorrelation function present in the
generalized expression for scattered intensity as given by Guinier 16. The pair correlation
function is the double sum over Dirac delta distributions evaluated at the radius of
separation of all atoms in the scattering ensemble. A natural case where the total pair

45

correlation function is rearranged into partial sums is the case of the partial atomic pair
correlation function 𝑔𝛼𝛽
𝑁𝑠 𝑁𝑠 𝑁𝛼 𝑁𝛽

𝑁𝑠 𝑁𝑠

𝑔(𝒓) = ∑ ∑ ∑ ∑ 𝛿(𝒓 − 𝒓𝑖,𝑗 ) = ∑ ∑ 𝑔𝛼𝛽 (𝒓).
𝛼

𝛽 𝑖∈𝛼 𝑗∈𝛽

𝛼

3.3

𝛽

The total scattering ensemble is represented by the sum of partial pair correlation
functions over the number of distinct atomic species present, Ns.
Extension of the total pair correlation function to encompass atoms residing in different
layers of identical structure follows similar logic. If the multiatomic sheet basis is
𝛼,𝛽

described by the set of vectors 𝒓𝑖,𝑗 , where the superscripts have been added to reinforce
the summation over atomic species, the self-similarity of the sheets implies a second
𝛼,𝛽

basis is to be located at 𝒓𝑖,𝑗 + 𝑹𝜎,𝜏 . 𝑹𝜎,𝜏 is nothing but the stacking vector relating the
position of the σth and τth sheet in object space. The total pair correlation function is now
written
𝛼,𝛽

𝑔(𝒓) = ∑ ∑ ∑ 𝛿 (𝒓 − (𝒓𝑖,𝑗 + 𝑹𝜎,𝜏 )).

3.4

𝜎,𝜏 𝛼,𝛽 𝑖,𝑗≠𝑖

3.2.2.2

Approximation of 𝑔(𝐫) when interlayer correlation is weak

Nanosheet assemblies are typically subject to interlayer forces that are weaker than
interatomic forces (i.e. dipole interactions or screened electrostatic interactions). As such
the intralayer atomic positions will become increasingly uncorrelated away from the
nearest neighbor sheet.
Consider the square matrix 𝑔𝛼,τ (𝒓) described by the summand of Equation 3.4
𝑔11
𝑔21
𝑔𝛼,τ (𝒓) = 𝑔31
⋮
𝑁1
[𝑔

𝑔12
𝑔22
𝑔32
𝑔42

𝑔13
𝑔23
𝑔33
𝑔43

⋯
𝑔24
𝑔34
⋱

𝑔1𝑁
3.5
𝑔𝑁𝑁 ]
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The intersheet atom correlations are located on the trace, and the atom correlations due to
the nearest neighbor sheet located along elements 𝑔𝛼,𝛼+1 , and so on. In this frame, each
successive set of terms represents a better and better approximation of the correct total
pair correlation function
𝛼,𝛽

𝑔(𝒓) = ∑ ∑ 𝛿(𝒓 − 𝒓𝑖,𝑗 )
𝛼,𝛽 𝑖,𝑗≠𝑖
τ−1
𝛼,𝛽

+ ∑ ∑ ∑ 𝛿 (𝒓 − (𝒓𝑖,𝑗 + 𝑹𝜎,𝜎+1 ))

3.6

𝜎 𝛼,𝛽 𝑖,𝑗≠𝑖
τ−2
𝛼,𝛽

+ ∑ ∑ ∑ 𝛿 (𝒓 − (𝒓𝑖,𝑗 + 𝑹𝜎,𝜎+2 )) + ⋯
𝜎 𝛼,𝛽 𝑖,𝑗≠𝑖

Disorder between layers is characterized by position fluctuation that is static in time
relative to the scattering experiment. Consequently, a more realistic computation is given
by considering the ensemble average of interlayer vectors. For the moment the thermal
motion of the individual atoms, giving rise to the Debye-Waller factor, will be
disregarded. The ensemble average is defined
〈𝐴〉 =

∫ 𝐴 𝑝 𝑑𝜏
∫ 𝑝 𝑑𝜏

3.7

Where p is the probability distribution for the set of states in the parameter space dτ, and
is subject to the normalization condition that the closed integral of p is equal to 1.
Assuming the disorder in the stacking vector R is normally distributed, the pair
correlation function becomes not a sum of infinitely sharp Dirac delta functions but a sum
of Gaussians of finite width
𝜎𝜏 2

〈𝑔(𝒓)〉 = ∫ {∑ ∑ ∑ 𝛿 (𝒓 −

𝛼,𝛽
(𝒓𝑖,𝑗

+𝑹

𝜎,𝜏

𝜎,𝜏 𝛼,𝛽 𝑖,𝑗≠𝑖

0
2𝜋 3 −12(𝑹−𝑹
𝑪𝜎𝜏
√
))}
𝑒
𝑪𝜎𝜏

𝛼,𝛽

2𝜋 3
〈𝑔(𝒓)〉 = ∑ ∑ ∑ √ 𝜎𝜏 𝑒
𝑪
𝜎,𝜏 𝛼,𝛽 𝑖,𝑗≠𝑖
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)

𝑑3𝑹

3.8

2

𝜎𝜏
1 𝒓+𝒓𝑖,𝑗 −𝑹0
)
− (
𝜎𝜏
2
𝑪

3.9

Consider the case where:
i.

The layer ensemble has Reichweite = 1.The sample ensemble is randomly
assembled and influenced only by the neighboring layer type.

ii.

The position and uncertainty in the nth layer are described by a sum of the
intervening stacking vectors and uncertainties

The atom pair correlations arising from each successive layer are broadened by a
gaussian envelope located at increasing radius and of increasing breadth. This is difficult
to draw in 3 dimensions, but is visualized in 1 dimension readily (Figure 15).

Figure 15: Gaussian envelopes for a 1-D particle chain with disorder parameters
R0 = 8.25 Å and root mean square displacement C = 0.75 Å.
Returning to Equation 6, the total reduced pair distribution function constructed from
single vector contributions can be rationalized. Weighted summations of supercell
models containing a single stacking vector are a first-order approximation which account
for the intersheet 𝑔𝛼𝛼 and nearest-neighbor intrasheet 𝑔𝛼(𝛼+1) atom correlations. So long
as the disorder parameter 𝑪𝜎𝜏 is sufficiently large, higher order models rapidly converge
towards G(r) = 0.
This is essentially analogous to the discussion of correlated atomic motion in solids given
by Jeong;17,18 however it differs in regard to the origin of decorrelation of atom pairs. In
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the work by Jeong, the correlated motion of atoms in a crystal is discussed- i.e. the
fundamental physics are discussed in the perspective of phonon dispersion and atomic
bonding. The present discussion hinges on the relative displacement of crystalline layers
with weak interlayer bonding which leads to the loss of periodicity and a corresponding
decorrelation of atom positions.
3.3

Demonstration using hypothetical data

In order to assess the real-space analysis methods described above, hypothetical data was
produced for a set of ordered and disordered graphene-like layers (Figure 16). Carbon
atoms situated at the special sites (±1/3, ∓1/3) of a p6m trigonal cell with lattice
parameters 𝑎 = 2.5, 𝑏 = 3.0, and 𝛾 = 120° form the layer basis which is expanded into
ordered and disordered cases. To produce PDF data with known stacking parameters,
idealized powder diffraction data were calculated over 25 Å-1 using DIFFaX 2 (Figure 17)
and transformed to G(r) using PDFgetX2 19. Because DIFFaX computes only the elastic
coherent scattering, these data require no correction before computing the sine Fourier
transform from reciprocal to real space. The corresponding DIFFaX inputs are
reproduced in Appendix 7.3.
The honeycomb graphene lattice is represented by a trigonal cell with C located on the
(±1/3, ∓1/3) sites, creating a 6-fold rotation axis perpendicular to the layer origin and a 3fold axis perpendicular to the C sites. Layers are related by vectors centered on R ij and
distributed according to the reduced covariance matrix Cij. In this demonstration only one
layer type is used, while first R11 then Cij is varied.
The calculated powder diffraction profile demonstrates the anticipated result; ordered
graphene-like layers present sharp Bragg peaks, while the disordered cases presents sharp
00l and hk0 features while hkl reflections are increasingly broadened and overlapped
(Figure 17). The derived pair distribution function for all data sets demonstrate identical
nearest- and next-nearest neighbor correlation peaks (1.4 and 2.5 Å, respectively).
Meanwhile, the PDF corresponding to the disordered cases demonstrate clear damping
and redistribution of the atom pair correlations (Figure 18).
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Figure 16: Schematic of the graphene-like layer model. Only one layer type is
used in this demonstration.

Figure 17: Powder diffraction profiles calculated in DIFFaX for stacked
graphene-like layers with increasing transverse disorder manifest distinct and
broadened reflections as compared to a “crystalline” case.
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Figure 18: Comparison of (a) the ordered and (b) disordered case demonstrates
the dampening and redistribution of pair correlations implicit in systems with
layer disorder.
In earlier works, as discussed later in §5, arbitrarily large anisotropic thermal
displacement parameters have been refined to mimic the loss of atomic correlation due to
positional uncertainty between layers (e.g. Petkov et al. 20, Prill et al. 21). This method is
reasonable where position uncertainty is small but breaks down when, as in the case of
nanosheet assemblies, position uncertainty is inherently large. This is demonstrated
clearly in the case of large position uncertainty in the graphene layer demonstrationmodeling atomic decorrelation with anisotropic thermal parameters is obviously
insufficient for highly disordered nanosheet assemblies (Figure 19).
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Figure 19: Graphene-like layers with large position uncertainty are inadequately
fit using anisotropic thermal displacement parameters (Rwp ca. 93%)
The real-space data analysis followed throughout this thesis can be summarized as
follows:
i.

Inspect the powder diffraction data for obvious basal reflections
which will often specify the magnitude of the perpendicular vector
component Rz

ii.

With correct lattice and scale parameters, systematically vary the
transverse vector components Rx, Ry

iii.

Inspect the result for minima and symmetrically equivalent solutions

iv.

Add one or more unique vectors to the model and refine any relevant
parameters, using hierarchical constraints where relevant

v.

Inspect then fit residual to determine if model is adequate- else, repeat
steps 1-4 to search for missing model components

To demonstrate this modeling approach, three cases of disorder are considered: (i) the
trivial case of completely ordered layers; (ii) the case of transverse positional disorder
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with no position uncertainty; and (iii) the case of transverse positional disorder with
substantial position uncertainty.
3.3.1

Trivial case: no position disorder or uncertainty

The simplest demonstration of the methods discussed in the preceding section lies in
considering ordered stacking along the vector Rij = (0.0, 0.0, 1.0). Construction of the fit
residual map (Figure 20(a)) using 20-layer supercells immediately presents the ideal
stacking configuration as residing near the point Rxy = (0.0, 0.0). Refinement of lattice
and thermal displacement parameters results in relatively precise values, while the refined
stacking vector components Rx and Ry refine effectively to zero with poor sensitivity
(e.g. large standard deviation) (Table II). The resulting fit demonstrates clear agreement
with the theoretical data (Figure 20(b)).

Figure 20: The ideal stacking vector is clear in the residual map (top).
Refinement of a model with fixed stacking vector (0, 0, 1) demonstrates strong
agreement with the model data (bottom, Rwp = 5.7%)
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Table II: Generative And Refined Parameters for the Example Case of
Completely Ordered Graphene-Like Layers.
Parameter
-1

Gaussian FWHM [Å ]

Refined % error

0.0366

-

-

a [Å]

2.5

2.50190 (5) 0.002

c [Å]

3

3.0009 (1) 0.003

x [-]

0.3333

-

-

z [-]

0.5

-

-

Biso [Å-2]

0.5

0.472 (2)

0.424

M.C.L. [-]

20

-

-

α11

1.0

1.0

-

Rx11

0.0

-0.001 (3)

300

Ry11

0.0

-0.002 (4)

200

0.0

-

-

-2

***Cij [Å ]

3.3.2

Input

Introduction of position disorder with low uncertainty

These methods are extended to a more complex system analogously. The fit residual map
for the case of the interlayer vector Rxy = (0.2, 0.2) clearly demonstrates a 6-fold
collection of degenerate minima around the layer origin (Figure 21(a)). Optimization of
the model constructed from any combination of transverse vector components 0.0, +0.2,
or -0.2 produces a fit with weighted residual Rwp = 15.2% (Figure 21(b)). This fit
demonstrates good agreement with placement of correlation peaks, though there is slight
misfit due to broadening.
The uncertainty in the refined parameters is notably larger in this case. The uncertainty
in the isotropic thermal displacement factor is roughly doubled, while the uncertainty in
the lattice parameters is increased by an order of magnitude.
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Figure 21: Fitting the data with a single interlayer vector model centered on
Rxy = (0.2, 0.2) adequately reproduces the position of all major features, though
some are inappropriately broadened (Rwp = 15.2%).

Table III: Generative and Refined Parameters for a Collection of Graphene-Like
Layers Smeared Along the Trigonal (110) Direction with Low Positional
Uncertainty.
Parameter

Input

Refined

% error

0.0366

-

-

a [Å]

2.5

2.5008 (2)

0.01

c [Å]

3

3.0020 (6)

0.02

x [-]

0.3333

-

-

z [-]

0.5

-

-

Biso [Å ]

0.5

0.539 (5)

0.9

M.C.L. [-]

20

-

-

α11

1.0

-

-

Rx11

0.2

0.2

-

Ry11

0.2

0.2

-

0.0

-

-

-1

Gaussian FWHM [Å ]

-2

***

-2

Cij [Å ]
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3.3.3

Position disorder and correlated transverse uncertainty

In the final demonstration case, the mean interlayer vector Rxy = (0.2, 0.2) was
maintained while the covariance matrix was modified to create a symmetric 2D standard
normal distribution with Cii = Cij = 5.0 Å2 (i, j = 1, 2). Physically this corresponds to a
broadened distribution of interlayer vectors around the mean value which introduces
atomic correlations absent in the ordered case.
Incorporation of a single interlayer vector does not adequately reproduce the theoretical
pair distribution function (Figure 22(b)). Although a similarly symmetric solution space
is observed in the fit residual map (Figure 22(a)), the single-vector fit residual increases
more than 3-fold, reflecting the increased number of stacking vectors physically
represented in the diffraction experiment.
It is notable that the fit residual in the single-vector solution is still reduced by nearly a
factor of two from the anisotropic thermal displacement approach. Regardless, the fit is
poor which is reflected in the refined parameter (Table IV).

Figure 22: Fitting the calculated data with a single vector no longer adequately
describes interlayer correlations (Rwp = 56.6%).
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Table IV: Generative and Refined Parameters for Graphene-Like Layers Smeared
Along the Trigonal Vector (110) with Substantial Position Uncertainty.
Parameter

Input

-1

Gaussian FWHM [Å ] 0.0366
a [Å]

2.5

c [Å]

3

Refined % error
-

-

2.500 (4) 0.18
3.04 (2)

0.79

x [-] 0.3333

-

-

z [-]

0.5

-

-

Biso [Å ]

0.5

-

-

M.C.L. [-]

20

-

-

α11

1.0

-

-

Rx11

0.2

0.2

-

Ry11

0.2

0.2

-

5.0

-

-

-2

***

-2

Cij [Å ]

The situation is remedied by considering a distribution of vector states in the model.
Given the symmetry of the solution space, an unconstrained refinement of an arbitrarily
large number of layer types will produce a parameter set with a high degree of
correlation. One approach to resolving this issue is to apply a hierarchical model in which
subordinate model parameters are constrained by parameterization of a higher order
model.
For example, the phase weights and vector components of a 7-layer model are
constrained by a symmetrical 2D gaussian and the equation of a circle, respectively, in
order to span one of the equivalent wells in solution space (Figure 23(a)). The model
includes 1 contribution from the mean interlayer vector and 6 contributions from
surrounding states with equivalent radius. This produces a substantial reduction in the fit
residual and largely accounts for the positions of the observed pair correlation peaks
(Figure 23(c)). Increased sampling of the observed distribution of states would doubtless
improve the model further.
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Figure 23: Fitting the calculated PDF with a hierarchical model improves the fit
(Rwp = 33.6%), though the model remains coarse.
Although the resulting fit is flawed, there are two notable differences with regard to the
single layer model. First, the uncertainty in the refined parameters is reduced. Second, the
fit over 5 Å is dramatically improved, suggesting an enhanced sensitivity to any local
structure distortion.
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Table V: Generative and Refined Parameters for the 7-Layer Model for
Graphene-Like Layers Smeared Along the Trigonal Vector (110) with Substantial
Position Uncertainty.
Parameter

Input

-1

0.0366

Gaussian FWHM [Å ]

Refined % error
-

-

a [Å]

2.5

c [Å]

3

3.000 (1)

0.04

x [-]

0.3333

-

-

z [-]

0.5

-

-

Biso [Å ]

0.5

-

-

M.C.L. [-]

20

-

-

α11

1.0

-

-

Rx11

0.2

0.2

-

Ry11

0.2

0.2

-

5.0

4.04(3)

-

-2

***

-2

Cij [Å ]
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2.4962 (4) 0.02

3.4

Discussion

The real space analysis methods are a novel approach to reproducing PDF for stacking
disordered layered ensembles, but they require a relatively large degree of human
intervention. This is largely due to the fact that the choice of stacking vector reflects the
underlying symmetry of the layer basis, generally resulting in a number of equivalent
choices. Unconstrained refinement of a collection of independent interlayer vectors will
often converge into several of these degenerate states. In principle more complex
refinement algorithms could be coded to iteratively introduce layer types, where the ideal
model would be weighted by the fit residual and the model simplicity.
The graphene layer belongs to the 2D symmetry group p6m (Schönflies D 6) with a 6-fold
rotator on the lattice origin, a 3-fold rotator on the (±0.333, ∓0.333) special position (i.e.
the carbon site), and mirror planes connecting these points. The discrepancy between the
symmetry operators located at the position (±0.333, ∓0.333) in the graphene layer and the
fit residual maps is a consequence of the objects represented in each case. The layer
symmetry describes the special arrangement of a carbon basis in a 2D lattice. Meanwhile,
the fit residual maps the combined symmetry of two neighboring layers. Presumably this
can be described mathematically, although the idea will be developed no further in this
work.
The question of how robustly this method can retrieve the stacking vectors from an
unknown specimen could be expanded on in future work. From visual inspection it is
clear the PDF responds to a change in the stacking model, but a number of factors
contribute to the residual surfaces generated, including the size of the supercell model
(e.g. elimination of edge effects), the mesh on which the surface is calculated, and the
range of G(r) compared. Notably, the trade-off for increasing any of these factors is a
penalty in computation time.
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4 TOTAL SCATTERING ANALYSIS OF PEROVSKITE
NANOSHEETS
This chapter contains the results published by Metz et al.1
4.1

Abstract

Ion exchanged Aurivillius materials form perovskite nanosheet booklets wherein welldefined bi-periodic sheets, with ~11.5 Å thickness, exhibit extensive stacking disorder.
The perovskite layer contents were defined initially using combined synchrotron X-ray
and neutron Rietveld refinement of the parent Aurivillius structure. The structure of the
subsequently ion exchanged material, which is disordered in its stacking sequence, is
analyzed using both PDF analysis and a recursive method simulations of the scattered
intensity. Combined X-ray and neutron PDF refinement of supercell stacking models
demonstrates sensitivity of the PDF to both perpendicular and transverse stacking vector
components. Further, hierarchical ensembles of stacking models weighted by a standard
normal distribution are demonstrated to improve PDF fit over 1-25 Å. Recursive method
simulations of the X-ray scattering profile demonstrate agreement between the real space
stacking analysis and more conventional reciprocal space methods. The local structure of
the perovskite sheet is demonstrated to relax only slightly from the Aurivillius structure
after ion exchange.
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4.2

Introduction

Nanosheets with a broad variety of chemistries and structural motifs are becoming
increasingly available as exfoliation and assembly techniques continue to mature. These
novel two dimensional materials span many broad property classes and compositions,
including carbides and nitrides, chalcogenides, and oxides with flexible crystal
chemistries. The combination of this flexibility and the often unique two-dimensional
behavior they exhibit has led to their application in catalysis, functional films and
heterostructures, and electrochemical storage applications.2–5
As in many materials, understanding the defects present in nanosheet assemblies is
necessary in order to tailor their properties. However, characterizing the defect
population in nanosheet assemblies provides a unique challenge due to their scale and
complexity. The statistical nature of both atomic and long-range defects is not captured
by local structure probes; meanwhile, the tools of conventional crystallography often fail
to accurately model observed data.6 Recent work using X-ray total scattering has
demonstrated that combined modeling of the powder diffraction profile and the derived
pair distribution function (PDF) can provide sensitive and complementary information on
both the short- and intermediate-range structure of complex disordered nanosheet
systems.

7

Further, due to the ensemble averaging inherent in any powder diffraction

experiment, the information contained is intrinsically statistical in nature.
In this work we demonstrate A-site substitution with Ag in the well-known Aurivillius
layered oxide Bi2CaNaNb3O12 (BCNN3).8,9 The Aurivillius structure is described as an
intergrowth of perovskite blocks [Am-1BmO3m+1]-2 with m-octahedra thickness that are
interleaved with fluorite structured [Bi2O2]+2 sheets (Figure 24). As described by
Mallouk10 and others.8,9 the Aurivillius structure is a candidate for ion exchange reactions
that exchange the [Bi2O2]+2 interlayer for an appropriate ion- most commonly water and
hydroxyl groups of some form. The resulting disordered booklet structure is amenable to
exfoliation using bulky organic bases as swelling agents and by simple chemomechanical
or mechanical mechanisms- we therefore consider the protonated ion exchanged
perovskite booklet a precursor to exfoliated perovskite nanosheets.11
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4.3

Experimental Methods
4.3.1

Synthesis of Hy∙(Bi0.2Ca0.55Sr0.25)(Ag0.25Na0.75)Nb3O10∙xH2O

Bi2(CaNa)0.75(SrAg)0.25Nb3O12 (Ag25-BCNN3) was prepared using conventional ceramic
methods for materials containing volatile constituents, with guidance from an earlier
synthesis of the 2-layer Aurivillius Bi2.5Ag0.5Nb2O9.12 Stoichiometric quantities of Bi2O3
(Acros; 99.9%), CaCO3 (Acros; 99+%), Na2CO3 (J.T. Baker; reagent), SrCO3 (Aesar,
99.99%), Ag2O (Mathey; 99+%), and Nb2O5 (Aesar, 99.9%) were intimately mixed under
isopropanol using a vibratory mill (McCrone Micronizing Mill, MFG USA). The
resulting mixtures were dried and calcined at 750 °C in air for 6 h. The calcined powders
were ground and sieved to less than 45 μm, pelletized, and buried in covered alumina
crucibles with powder beds of like composition. The powders were then heat treated at
950 °C for 96 h in flowing oxygen.
The 3-layer Aurivillius material was ion exchanged in 6 M HCl at room temperature to
form, nominally, Hy∙(Bi0.2Ca0.55Sr0.25)(Ag0.25Na0.75)Nb3O10∙xH2O. Two methods were
used due to the differing volume of material needed for synchrotron X-ray and neutron
scattering experiments. Small quantities of ion-exchanged material were readily prepared
for X-ray diffraction in 48-72 h using a large excess of acid (2 mg/ml), with occasional
stirring. Materials for neutron scattering were prepared in suspensions with higher
concentration of solids (60 mg/ml), in which we observed a markedly slower rate of ion
exchange. With the assumption that ion exchange kinetics are driven at least partly by
chemical gradient, acid was replaced daily. In this case ion exchange was determined to
be complete, as observed by powder X-ray diffraction, within approximately 1 week.
Completion of the ion exchange process was confirmed by observing the evolution of Xray diffraction profiles. Upon completion, the supernatant was decanted and the powder
washed twice by resuspension in DI water, centrifuging and discarding the supernatant.
The equivalence of the powders resulting from the two methods was confirmed
qualitatively with laboratory X-ray diffraction. All powders for scattering analysis were
dried and stored under ambient conditions.
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4.3.2

Data collection and reduction at APS 11-ID-B and at SNS-1B NOMAD

X-ray diffraction and PDF data were collected at the Advanced Photon Source on beam
line 11-ID-B (Argonne National Lab), using standard 1 mm Kapton capillaries in DebyeScherrer geometry. Both data sets were collected using a 58.66 keV Si<311>
monochromated primary beam and a silicon flat plate area detector. Diffraction profiles
were measured with a detector distance of 95 cm for a total Q-range of 0.4-8.5 Å-1, while
PDF data were collected at 18 cm for a total Q-range of 0.4-24 Å-1. Time-of-flight (TOF)
neutron scattering data were collected on the Nanoscale Ordered MAterials
Diffractometer at the Spallation Neutron Source (NOMAD) at the Spallation Neutron
Source (SNS) at Oak Ridge National Lab (ORNL) using 3mm glass capillaries and a 3He
detector array. A more complete instrument description is published elsewhere.13 All data
were collected at room temperature.
2D X-ray diffraction data were integrated to 1D using FIT2D after appropriately
calibrating detector deviations from orthogonality and masking invalid pixels.

14,15

CeO2

was used as the calibration standard for correcting detector alignment and to refine the
instrumental line broadening. Data for diffraction profile analyses were corrected simply
by subtraction of experimental background. PDF data were reduced using PDFgetX2,
which includes the appropriate corrections for inelastic scattering and energy-dependent
detector response, in addition to experimental background and absorption corrections,
amongst others.16
Neutron scattering data for diffraction analysis were normalized and corrected bank-bybank for experimental background, merged, and reduced to PDFs in NOMAD’s data
autoreduction program. Beyond the typical corrections for inelastic scattering
contributions, an empirical correction to the hydrogen background present due to the
interlayer water was applied.17 The Q-range for the Fourier transform was restricted to
0.4-24 Å-1.
4.3.3

Analysis methods

Combined Rietveld refinement of X-ray and neutron diffraction data for the parent
Aurivillius phase Ag25-BCNN3 was performed using GSAS.18 For the X-ray data, the
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Caglioti parameters GU, GV and GP describing instrumental broadening were refined
using CeO2 measured under identical conditions.19 Instrument parameters for the GSAS
TOF type 3 profile, based on Von Dreele et al. (1982), were fit to NIST Si standard data.
X-ray and neutron PDFs were fit simultaneously over the range 1-25 Å in PDFgui21 using
a supercell method. As a matter of convention we choose to present the neutron PDF fits
throughout this paper. The perovskite slab refined from the parent Ag25-BCNN3 was
used as a starting structure from which supercells with dimension 1x1xN containing
N = 8 sheets were created to model the influence of stacking disorder on intermediate
range (1-25 Å) PDF. Sheets in these supercell structures are correlated with their
neighbors by a vector
𝑹 = [𝑅𝑥𝑖𝑗 , 𝑅𝑦𝑖𝑗 , 𝑅𝑧𝑖𝑗 ] .

4.1

The translational components are presented in fractional coordinates referenced to the
unit cell description of the layer contents. The perpendicular component Rz is reported in
Å, as this value corresponds roughly with d001. Because we have a singly defined layer
content, i = j and the notation will be dropped. Further, the sheets are treated as
indistinguishable- consequently we can apply translational symmetry to each atomic
position in the ith sheet
𝒓𝒊 = 𝒓𝟎 + 𝑖 (𝑹 ∙ 𝒓𝟎 )

4.2

in order to reduce the number of free parameters. Likewise, identical sites within the
sheet (positions of site-mixed cations, e.g.) are refined equivalently. Thus, the number of
position parameters in an N = 8 supercell refined with P1̅ sheet symmetry is reduced
from 3 position parameters for 310 atoms to a more manageable 29.
The influence of sheet-sheet translations was explored by manually sampling the nonredundant combinations of Rx and Ry. Defining the matrix NTm,n containing the allowed
combinations of Rx & Ry in a 1x1xN stacking model
𝑁

𝑻𝑚,𝑛

𝑚 𝑛
, )
𝑁 𝑁
⋮

=[(

Square symmetry (a = b) implies that
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⋯] ,
⋱

𝑚, 𝑛 ≤ 𝑁.

4.3

𝑁 †
𝑻𝑚,𝑛

=

𝑁

𝑻𝑚,𝑛 .

4.4

Further, the translational symmetry of the unit cell implies
𝑅𝑥 = 1 − 𝑅𝑥 ,

𝑅𝑦 = 1 − 𝑅𝑦

4.5

thus restricting the unique combinations of translational vectors to elements Tm,n in the
first quadrant. For a 1x1x8 supercell with a single component Rz, this reduces the number
of test structures from 82 to 10.
I(Q) modeling of the perovskite nanosheet booklet was performed using the recursive
method implemented in DIFFaX.22 The refined perovskite slab was used as a starting
structure, with occupancies and isotropic thermal parameters fixed in all models at the
Rietveld refined values. The stacking direction was taken as parallel to the c lattice vector
of the parent structure. Several models for Rx and Ry were considered, but in each model
identical components Rz were used across all layer types. R was considered to comprise
components with normally distributed fluctuations which are not correlated from
transition to transition (disorder of the second type 23).
Crystallite size broadening in DIFFaX is both physical and empirical. Along the stacking
direction the user can set the physical number of atomic layers in the crystal. Within this
work, simulations were done holding the total number of layers in the crystal fixed at 60
unless otherwise noted.
Broadening due to the crystal size in the layer plane is empirical within DIFFaX, and was
not included here. Rather, a convolution with a pseudo-Voigt profile was included, with a
full-width at half-maximum given by a Caglioti type polynomial19 with parameters
[U, V, W η] = [0.000, -0.04, 0.0029, 0.5]. This is an attempt to reproduce both crystal
size and instrumental broadening.

While such an approximation is not ideal, it is

necessary in order to compare the simulation to observed data.
DIFFaX does not include any automated refinement engine, and thus simulation
parameters were optimized by hand through visual comparison in order to qualitatively
reproduce primary features such as the presence and relative location of broad bands and
sharp peaks. This has become common within the literature.24–29 The purpose of these
simulations is only to gain insight into how stacking disorder manifests in the scattered
intensity.
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4.4

Results and discussion

Development of PDF models for the ion exchanged Ag25-BCNN3 (Ag25-BCNN3-IE)
proceeded first from Rietveld analysis of the parent Aurivillius material. The integrated
2D data collected at APS 11-ID-B (0.4 < Q [Å-1] < 7) and banks 2-5 of neutron scattering
data collected at NOMAD (Q [Å-1] < 9) were) were simultaneously refined.
The initial test structure was adapted from Bi2CaNaNb3O12 in space group B2cb,30 with
appropriate modification of the site occupancies (Figure 24). A shifted Chebyschev
background, sample displacement error, Lorentzian size and strain broadening, and
general scale factor were refined for each data set. Finally, complete positions, cation
occupancies, thermal parameters, and the lattice parameters were refined, with reasonable
agreement between the nominal and refined chemistry (Table VI). The combined
weighted residual for all five data sets was wRp = 0.0752. The fit to the X-ray data and
NOMAD bank 3 are presented in Figure 24.

Figure 24: Rietveld refinement of [A] APS X-ray data and [B] NOMAD bank 2
demonstrate good fit using the B2cb unit cell represented in [C].
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Table VI: Refined Structure of the Aurivillius Material Ag25-BCNN3.
a [Å]

b [Å]

c [Å]

α [°]

β [°]

γ [°]

5.4917(4)

5.4805(4)

32.7932(20)

90*

90*

90*

x

y

z

Occ.

Uiso

site

Ca -0.0218(27) 1.0076(13) 0.06235(18) 0.26958 0.0013(10)
Na -0.0218(27) 1.0084(13) 0.06235(18) 0.32322 0.0013(10)
Sr -0.0218(27) 1.0076(13) 0.06235(18) 0.13419 0.0013(10)
Ag -0.0218(27) 1.0076(13) 0.06235(18) 0.08235 0.0013(10)
Bi

-0.055(5)

0.917(4)

0.0640(6)

*0

*0.5

*1

0.0011(9)

Nb2 -0.0152(27) 0.0054(11)

0.37459(9)

*1

0.0089(6)

Oa1 -0.0265(21)

0.44297(11)

*1

0.0084(13)

Oa2 -0.0188(25) 0.9505(14) 0.32091(13)

*1

0.0221(17)

Oe1 0.28751(0)

0.2928(18) 0.00308(23)

*1

0.0242(19)

Oe2 0.2179(22)

0.2326(14) 0.10987(12)

*1

0.0094(9)

Oe3 0.2683(28)

0.2861(20) 0.87332(18)

*1

0.0241(19)

0.8524

0.0193(6)

Nb1 -0.0067(23)

0.0637(9)

0.129(4) 0.0013(10)

Bi-fluor -0.0191(23)

0.0104(9)

0.21161(7)

Ca-fluor

0.158(13)

0.1938(21) 0.11239 0.0193(6)

0.306(13)

O-fluor 0.2216(19)
wRp

0.2223(15) 0.25074(17)

*1*

0.0048(10)

X-ray

†bank 2

†bank 3

†bank 4

†bank 5

0.1283

0.0607

0.0626

0.0734

0.0852

*Fixed value, †Data collected on NOMAD
4.4.1

X-ray and Neutron PDF analysis

The influence of Rz on the PDF was investigated using a 1x1x2 supercell with the
perovskite structure derived from the Rietveld refinement of the Aurivillius structure
(Figure 28B). In practice, the fluorite block was removed from the Aurivillius unit cell,
the c vector contracted, and the fractional coordinates of the unit cell scaled to maintain
the structure of the perovskite layer. The variation of the weighted residual Rw with d001,
the dimension of the perovskite layer and interlayer gallery, is presented in Figure 25A in
the range of (0, ½, Rz) with 13.394< Rz < 14.144 [Å]. No structure parameters were
refined in these fits- the correlated motion parameter δ1 was fixed at 1.5 [Å] and a
general scale parameter was fixed at 0.6.
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Figure 25: Fit residual Rw as a function of d001 for several test structures near dmin
(A). Neutron PDF for the calculated points in part A (B). Similar calculations
made for combinations of the translational components Rx and Ry (D). Inspection
of the interlayer region for a better (left) and worse (right) fitting model (C).
Contrasting the observed neutron PDF for Ag25-BCNN3-IE (Figure 25B) we can
visually observe the influence of Rz on the PDF. A 2nd order polynomial was fit to the
data points in Figure 25A, permitting estimation of the minimum Rw and interpolation of
the average d001 = 13.825 Å for this stacking configuration. The value of d001 estimated
from peak position of the 001 diffracted peak is around 14.081 Å, demonstrating
reasonable agreement considering that (Rx, Ry) and structure relaxation have not been
taken into account.
Using the d001 value obtained in Figure 25A, ten 1x1x8 supercell stacking models were
constructed to investigate the influence of the unique x-y translations. Assuming the
orthorhombic distortion has minimal impact on the intermediate range, the sheet was
treated as square-symmetric as discussed in Equations 4.3 - 4.5. Over the range G(1-25
Å) the a & b unit cell parameters, the correlated motion parameter δ1, and a scale factor
were first refined, followed by atomic positions according to the convention in Equation
4.2. Finally, isotropic thermal displacement parameters for each site were refined.
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The major conclusions of these refinements are summarized in Figure 25C-D. A
projection of the weighted residual Rw(Rx, Ry) is plotted in Figure 25D. This PDF
analysis suggests the preferred intersheet translations fall in a broad basin, away from
combinations of Rx,y = 0 or 1/2. Inspecting the terminal oxygens of two neighboring
sheets (Figure 25C) offers the intuitive suggestion that minimizing close-approach of
neighboring terminal oxygens drives this condition. The breadth of the basin in the fit
surface Rw(Rx, Ry) implies a broad distribution of translational stacking vectors around
(1/4, 1/4).
Discrete combinations of stacking models with Rx = Ry, 0 < Rx,y < 0.5, were applied to
approximate the distribution evidenced in Figure 25. The scale parameter of each model
was fixed according to the standard normal distribution centered on Rx,y = 0.25 = μ:
1 𝑅𝑥,𝑦 − 𝜇 2
𝑤𝑖 (𝑅𝑥,𝑦 ) =
exp (− (
) )
2
𝜎
√2πσ2 √2πσ2
𝑁

1𝑁

4.6

where σ varies as indicated in Figure 26B. PDF scale, broadening and structure
parameters were again refined, but constrained to equivalence across all weighted
models. This resulted in a clear minimum in weighted residual R w(σ) shown in Figure
26C. The distributed stacking model leads to a substantial improvement over a single
stacking model as demonstrated in Figure 26A (i & iii) and (ii & iv) respectively.
Inspection of the perovskite structure refined from GSAS and PDFgui indicate that there
is relatively minor relaxation in the perovskite after ion exchange. This is demonstrated
qualitatively by overlaying the refined perovskite slab from both the Aurivillius and ionexchanged variants (Figure 27). There is a very slight 0.2 Å contraction along the c-axis,
while the a-b axes remain distorted tetragonal with insignificant change (Table VII). The
niobium positions remain effectively unchanged; likewise the A-site remains split with
the Bi site mixed cations, but doesn’t change appreciably. The slight lengthening of the
apical Nb-O bond of the inner NbO6, combined with the overall contraction of the
perovskite along the c-axis and invariance of the cation sublattice, indicate the relaxation
arises from distortion of the oxygen sublattice.
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Figure 26: Best-fits for the neutron PDF data using a distribution of stacking
models (i) with weighting according to the standard normal distribution with σ =
0.125, the fit using a single stacking model (1/4, 1/4, 13.825 Å) (ii), and the
associated difference curves (i-iii, ii-iv) (A). The mean fractional coordinate for
each distribution is μ = 0.25. The resulting weighted residual for various
distributions (B) are plotted on (C).
Table VII: Select Parameters of the Perovskite Structure Before and After Ion
Exchange.
GSAS

PDFgui

a [Å]

5.4916(4)

5.4995(60)

b [Å]

5.4804(4)

5.5070(66)

c [Å]

11.749(7)

11.5450(-)

V [Å ]

353.60

349.60

θ [°]

160.81

164.53

175.54(178)

163.55(492)

<Nb1-Oa1> [Å]

1.903(-)

2.033(13)

<Nb2-Oa2> [Å]

1.776(-)

1.764(39)

3

<φ> [°]
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Figure 27: An overlay of Rietveld and PDF refined perovskite block indicate the
cation sublattice is invariant, while the oxygen sublattice relaxes, leading to
greater octahedral tilt (θ) and NbO6 distortion (φ).
4.4.2

Ion Exchanged I(Q) diffraction profiles

The simultaneous presence of sharp and diffuse scattering profiles in the reciprocal space
data (Figure 28(A)) indicates extensive anisotropic disorder is caused by the ionexchange process.23 The broadened 00l series of reflections indicate that the coherent
scattering domain perpendicular to the plane of the sheet, or the mean column length
(MCL) is substantially reduced in the ion-exchanged phase.3132 DIFFaX simulations
representing a single layer (MCL = 1, Figure 28(A)(iv)) do not adequately reproduce the
observed data (i), while simulations with 60-layer thickness approximately reproduce the
observed FWHM (Figure 28(A)(ii, iii)).
Additionally, the basal series peak width demonstrates an apparent Q-dependence. As
anisotropic size broadening for platy particles has no expected Q-dependence,33,34 it is
inferred the additional broadening is due to uncertainty in the interlayer distance Rz. Such
broadening is consistent with the expected bonding anisotropy and with data observed for
other layered compounds,23 and has been described mathematically.35 Describing the
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interlayer vector Rz by the mean value 14.1 Å and the standard deviation C33 = 10 Å2
suitably reproduced the Q-dependence in the basal series.
The hkl bands are diffuse but featured. In particular, lattice planes independent of the c*
remain relatively sharp.36 In addition, in contrast to the calculated turbostratic profile
(Figure 28(A)(iii)) two additional sharp features are observed around 2.1 and 2.4 Å-1,
implying there is at least one ordered direction in the transverse stacking vectors.
Following the vectors implied by the PDF residual map (Figure 25(D)), the implied
ordering is |Rx| = |Ry|. A number of test cases following this rule produce sharp features
which may be index in the {11l} family. Further, perturbation of the magnitude of
|Rx| = |Ry| away from 0 appears to generate the diffuse intensity band near 2 Å -1 (Figure
29).
Following these insights from the PDF modeling and DIFFaX simulations a final model
with a distribution of transverse transition vectors was hand-optimized. An 8-layer model
(Table VIII) was constructed to represent a distribution of vectors constrained by |R x| =
|Ry|. The optimized model (Figure 28(A)(ii)) reproduces the primary observed features
well.

Figure 28: Experimental data for Ag25-BCNN3-IE (i) (data: APS 11-ID-B) and
DIFFaX simulations of (ii) discrete combinations of Rx=Ry<1/2, (iii) fully

75

turbostratic layers, and (iv) a single sheet (A). A schematic representation of the
stacking model (B).

Figure 29: The influence of hk-bands arising from individual stacking vectors
demonstrates that the experimental data is clearly the influence of a distribution.
Table VIII: Layer Transition Parameters of the Final 8-Layer Diffax Model.

1

2

Layer
4
5

3

6

7

8

|Rxy| [Å/Å]
0.0 0.0625 0.125 0.1875 0.25 0.3125 0.375 0.4375
P [-]
0
0.08
0.08
0.16 0.36 0.16
0.08
0.08
-2
C11 = C22 [Å ] 20
20
20
20
20
20
20
20

4.4.3

Comparison of real space and reciprocal space stacking distributions

It is plausible to assume that the mean square displacement (MSD) of any particular sheet
obeys a normal distribution about its average position. Further, assuming that the position
fluctuations are uncorrelated from sheet to sheet, a coherently scattering domain can be
constructed from multiple sheets whose relative positions fall within a 3-D Gaussian
envelope. Such positional disorder is represented in DIFFaX with Debye-Waller-like
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parameters, Cij, while in the PDF models presented this disorder is represented by a set of
discrete models.
A method of equating the physical displacements with Cij is presented in Appendix 7.5.
In the uncorrelated isotropic case, the simple result obtained is that the MSD and standard
deviation σ are related by:
〈𝑢2 〉 = 𝜎 2 [Å2 ]

4.7

The standard deviation is normalized by the magnitude of the appropriate lattice vector to
obtain the result in fractional units. Consequently, the probability distribution applied to
the PDF model can be compared directly to that inferred from DIFFaX with the form of
Equation 4.6. These distributions are presented in Figure 30.
For comparison, a normalized distribution estimated from the fit surface R w(Rx, Ry)
(Figure 25D) by the simple form:
𝑚𝑎𝑥
𝑤𝑖 = 𝑁(𝑅𝑤
− Riw ) ,

∑ 𝑤𝑖 = 1

4.8

𝑖

is presented as well. The standard deviation along the Rx = Ry vector of the DIFFaX
simulation (σ = 0.50 Å) is well within a factor of 2 from the value suggested in the PDF
fit (σ = 0.69 Å). There is a discrepancy however, between both normal distributions and
the asymmetric, flattened or possibly bimodal distribution suggested by the distribution
of Equation 4.8. In this work a normal distributions was adopted for simplicity and to
provide a direct comparison with recursive reciprocal space modeling. Within the
recursive approach, the normal distribution underlying these fluctuations is assumed so as
to simplify the mathematics. No such constraint need be imposed on PDF models; in
theory any discrete distribution could be considered with the shape of the distribution
being a fitted parameter.
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Figure 30: A comparison of (a) the stacking distribution applied in the DIFFaX
simulation (Figure 28A(ii)), (b) the PDF model for the stacking distribution
(Figure 26A(i)), and the distribution suggested by the fit surface Rw(Rx, Ry)
(Figure 25D). The corresponding standard deviation σ in fractional & (Å) units
respectively are (a) 0.092 (0.50 Å) and (b) 0.125 (0.69 Å). The weighted residual
for PDF fits using each respective distribution are (a) 0.297, (b) 0.300 and (c)
0.304.
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4.5

Future work

The materials discussed in this chapter are interesting in regard to the low stability of
silver oxides in reducing atmosphere. Heat treatment of Ag25-BCNN3 at 300 °C in
flowing 4% H2 results in the nucleation of reduced Ag nanoparticles at the perovskite
surface, as clearly visualized by transmission electron microscopy (TEM) and scanning
TEM (STEM) (Figure 31). This effectively creates a spontaneously self-decorating
system of perovskite-supported Ag nanoparticles, which may have interesting catalytic
properties.
High energy X-ray and neutron PDF have been collected for a set of heat treated ionexchanged Ag-substituted Aurivillius phase materials exhibiting a range of Agsubstitution and reduction levels. Using the methods described in this thesis, future work
′
will investigate the nature and concentration of the 𝑉𝐴𝑔
environment in the perovskite host

lattice. Following successful modeling of the defective perovskite, difference PDF
methods can be employed to probe the size and crystallinity of the nucleated Ag
nanoparticles.
Thermodynamic properties of solids are generally measured in bulk materials, and so
many interesting questions exist concerning the nature of defects in nanomaterials. For
example, nanoparticles may have strain relief mechanisms that permit them to support
larger defect populations than are feasible in bulk materials. Additionally, high surfaceto-volume ratios imply surface properties play a much larger role in diffusion and
microstructure evolution than in bulk materials. The sample in Figure 31(c), for example,
demonstrates a disperse population of sub 10 nm particles surrounding a much larger
silver particle, suggesting nucleation and diffusion at the perovskite surface control the
size of the precipitant.
As alluded to in the preceding text, the reactivity of these materials to reducing
atmosphere at relatively low temperature provides a unique opportunity to systematically
probe the sensitivity of the pair distribution function technique to atomic defects in
materials with extensive mesoscale disorder. Beyond providing insight into a potentially
interesting catalytic system, continuation of this study will provide new insight in the
developing field of real-space analysis of disordered layered ensembles.

79

Figure 31: STEM/TEM images and energy dispersive spectroscopy (EDS) map
for an ion-exchanged Ag25-BCNN3 sample reduced at 300 °C in 4% H2. (a)
Secondary electron, (b) Z-contrast, (c) high magnification of (a), and (d) EDS
map of (a) (data: Hitachi HD-2700, Ontario Centre for the Characterization of
Advanced Materials (OCCAM)).
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4.6

Conclusions

We have demonstrated a systematic approach to the structural investigation of novel Agcontaining perovskite nanosheet booklets. Our results demonstrate that the pair
distribution function is sufficiently sensitive to intermediate range structure to identify
not only viable stacking vectors, but also viable distributions of stacking vectors. The
results of the real space analysis are consistent with the results obtained from recursive
method simulations of the scattered intensity.
Reciprocal space or I(Q) models are highly sensitive to anisotropic periodicity observed
in cases of assembled nanosheets. Simulations can be useful to understand the structural
reasons leading to continuous intensity distributions, but care must be taken to separate
effects.

Competing anisotropic broadening contributions from crystal size, stacking

vector fluctuations, and non-deterministic (Markov) stacking can lead to many different
but equally appealing models. The first goal of any application of I(Q) models should be
the reproduction of primary features using the simplest model possible.
The stacking disorder present is well described by a distribution of position fluctuations
centered on translations of (1/4, 1/4) with a standard deviation of σ = 0.125 in fractional
units, or 0.69 Å. The criterion that Rx = Ry is necessary in order to reproduce the sharp
{11̅l} peaks observed in the diffracted intensity. Both turbostratic disorder and complete
exfoliation (isolated nanosheets) have been ruled out. The local structure of perovskite
sheet is observed to relax little following the ion exchange reaction. The cation sublattice
appears to be nearly invariant, while the oxygen sublattice shows a subtle deformation.
While this is presumably influenced by the surface environment, the present data is
insufficient to make this assertion.
As the lower limit of G(r) influenced by intermediate range structure is determined by the
closest approach of neighboring sheets, we anticipate stacking disorder influences the
PDF down to 3-4 Å, or approximately to the third-nearest neighbor level. Clearly,
distinguishing stacking disorder of nanosheet assemblies has implications towards the
confidence we can place in PDF local structure analyses. In the future, we will apply real
space stacking models to the analysis of nanosheet assemblies with controlled defect
populations, thereby establishing the influence of intermediate range order on our ability
to precisely determine defect content in complex disordered materials.
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5 TOTAL SCATTERING ANALYSIS OF MNO2 NANOSHEET
ASSEMBLIES
This chapter contains the expanded paper submitted for publication in Acta
Crystallographica A: Advances and currently under revision.1

5.1

Abstract

Two dimensional nanosheet materials are of broad interest as emerging building blocks
for battery electrodes, functional coatings, and catalysts. However, the complex interplay
of surface speciation and intersheet correlations in nanosheet assemblies makes
elucidation of precise structure-property relationships challenging. In this work, an
experimental X-ray pair distribution function from defective δ-MnO2 nanosheet
assemblies with complex disorder at the atomic, nano- and mesoscale is analyzed.
Application of a hierarchical modeling strategy leveraging the self-similarity of the
nanosheet motif enables successful refinement of both stacking disorder and Mn defect
models in agreement with 50 Å of experimental data. Certainty in the refined parameters
is discussed in context of non-gaussian parameter distributions obtained using a Markov
chain Monte Carlo ensemble sampler. The resulting model demonstrates Jahn-Teller
distortion of the in-plane manganese site, of which approximately 14% are found to be
surface displaced. The refined stacking model indicates the sheet-sheet arrangement is
not turbostratic. Rather, neighboring sheets self-align into a number of symmetrically
degenerate stacking configurations reflecting the underlying sheet structure. Bond
valence sum calculations of the refined model result in near net electroneutrality and
cation oxidation states in agreement with experimental data.
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5.2
5.2.1

Introduction
A very brief history of δ-MnO2 pseudocapacitors

As expounded by Brousse and co-workers,2 the title pseudocapacitive is derived simply
from the roots of the word. A pseudocapacitor is a material which has the electrochemical
signature of a capacitor- namely a cyclic voltammetry (CV) loop that is rectangular,
while manifesting a faradaic charge storage mechanism.
Electrochemical charge storage in MnOx electrodes in alkaline electrolytes has been
studied at least since 1959.3 However, the extensive polytypism in the MnOx family of
materials4 and the frequent study of poorly crystalline solids has generally complicated
the understanding of charge storage mechanism. In 1999, Goodenough and coworkers5
connected the Mn(III) ratio, crystallinity, and electrolyte pH to the electrochemical
performance of K-birnessites cycled in a KCl electrolyte. In the decade to follow, a great
deal of work concerning the structure of Mn-vacancies in the δ-MnO2 lattice was
produced, culminating with several recent sophisticated analyses featuring high-energy
X-ray scattering6 and DFT7 methods.
It is now accepted that Mn(III) in δ-MnO2 relieves unfavorable strain due to Jahn-Teller
distortion in one of two mechanisms. First, a sufficiently large density of Mn(III) in
crystalline birnessite (e.g. ordered layered crystals) may relieve strain by aligning
Mn(III)O6 along the apical direction, leading to a triclinic MnOx polytype.8 In
nanocrystalline birnessite or vernadite and in exfoliated δ-MnO2 nanosheets, the steric
constraint of neighboring sheets is largely relaxed, permitting a second mechanism- the
displacement of Mn(III) to a surface coordinated site adjacent to an in-plane Mnvacancy.6 This defect complex has been recently dubbed a surface Frenkel in
correspondence to its bulk counterpart.9
Using a combination of empirical X-ray PDF analysis, XAS, and cyclic voltammetry we
were recently able to demonstrate a correlation between specific capacitance and surface
Frenkel concentration in δ-MnO2 nanosheet electrodes (Figure 32).9 This extension of the
foundational work by Goodenough5 and Manceau6 is a step in describing mechanistically
the faradaic charge storage process in pseudocapacitive δ-MnO2 electrodes.
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The next step in this work is to address a question that has remained unanswered- where
do alkali ions associate with the δ-MnO2 structure? Reliably refining the position of
surface and intercalated water and alkali species is at the cutting edge of the structural
analysis of hydrated nanomaterials. The following section reports on one of two10 recent
methodologies developed to address this question.

Figure 32: X-ray PDF (a), cyclic voltammetry (b), and X-ray absorption
spectroscopy (XAS | data: Cornell High Energy Synchrotron Source (CHESS))
(c) paint a comprehensive picture of how the Mn-defect concentration correlates
with improved electrochemical performance (d) of δ-MnO2 nanosheet electrodes.
5.2.2

Structure analysis of δ-MnO2

Structure determination and refinement from X-ray and neutron scattering studies have
formed the cornerstone of materials science for the last century, enabling assignment of
structure-property correlations with powerful predictive capabilities. However, the
assumptions of traditional crystallography become increasingly invalid as particle scales
diminish, hampering the application of bulk materials science precepts to twodimensional materials. Practically speaking, as the size and dimensionality of a material
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decreases the information present in an elastic X-ray scattering experiment collapses into
diffuse intensity profiles described by many correlated parameters. Concurrently, the
parameter space required to uniquely define the atomic structure increases (i.e. through
loss of symmetry), resulting in an “ill posed” scattering inverse problem11.
As an alternative to X-ray crystallography, modern electron microscopy methods can
yield evidence for structural motifs through high resolution imaging and selected area
electron diffraction. Electron microscopy can yield surface information in some ideal
circumstances- for example steps on thin single crystals can be imaged, where increased
atom column length provides phase contrast from neighboring regions.12 However,
electron microscopy is poorly suited for quantitative structural analysis of randomly
distributed point defects13 in oxide nanosheets. The difficulty of obtaining true atomic
resolution is further complicated by the semi-elastic nature of many nanosheet specimens
which bend, scroll, and overlap with other sheets. Further, transmission electron
microscopy (TEM) is not capable of probing the intersheet registry of nanosheet
ensembles, which is of critical importance to intercalation kinetics. Finally, defective
nanosheet materials are implicitly possessed of a distribution of states- techniques
investigating selected areas are therefore impractical where inhomogeneous area or
volume weighted quantities are concerned.
The atomic pair distribution function (PDF) is increasingly utilized to surmount this
challenge, as the advent of brilliant sources and efficient detectors has led PDF
acquisition to become more routine.14,15 The PDF is defined as the sine Fourier
transformation of the reduced structure factor 16
𝐺(𝑟) = 2⁄π ∫

𝑄𝑚𝑎𝑥

𝑄[𝑆(𝑄) − 1] sin(𝑄𝑟) 𝑑𝑄

5.1

𝑄𝑚𝑖𝑛

𝐺(𝑟) = 4πr[𝜌(𝑟) − 𝜌0 ] .

5.2

where Q (Å-1) is the amplitude of the scattering vector, r (Å) is the radius in real space,
S(Q) is the total scattering structure factor, ρ0 is the average atomic density, and ρ(r) is
the atomic pair density function. Because the pair density function diverges as radius
increases, the common convention in materials science is to utilize the reduced pair
distribution function G(r) where the average number density, which for bulk materials
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forms a linear baseline, is subtracted. For nanoparticles, we must consider that atom
correlations cease to exist at some finite radius, leading to a modified form17
𝐺(𝑟) = 4πrγ0 (𝑟)[𝜌(𝑟) − 𝜌0 ]

5.3

where the bulk pair distribution function is scaled by an envelope function γ0(r)
characteristic of the specified particle shape for which many geometries have been
calculated.18
PDF analysis of nanostructured lamellar compounds with stacking disorder has been
considered at least since the work of Petkov and coworkers on WS219 and on lamellar
V2O5∙nH2O xerogels.20 The prevailing wisdom has been to approximate the influence of
stacking by applying an anisotropic atomic thermal displacement (ADP) parameter to a
3D crystalline structure to account for the associated loss of structural coherence.20
Recent work by Prill et al.21 has taken this approach a step further by creating piecewise
models with appropriate ADP parameters for the distinct intra- and inter-molecular
distances of organic crystals with planar molecular constituents.
These methods are suitable for modeling crystalline structures where anisotropic bonding
produces weakened layer correlations. However, reassembled nanosheets have no
implicit periodicity in the restacked direction, precluding the assumption of a 3D periodic
crystal model. Accurately modeling nanosheet assemblies therefore requires a two-fold
approach- a method to reproduce correlations in the restacked direction, and a method of
introducing anisotropic, r-dependent decorrelation of atom pairs.
For the case of exfoliated and re-assembled nanosheets the nano and meso-scale order
and disorder are reflected in the PDF measurement. The sheets re-stack to a limited
degree, and the nanosheets themselves may be curved and bonded edge-to-face with
neighboring sheets. In order to extract meaningful quantitative values of the numbers and
geometries of Mn defects in this system, we present an approximate method of analysis
for nanosheet assemblies with arbitrary stacking disordered that reduces the requisite
parameter space by making use of the self-similarity of the composite nanosheets. A
refineable stacking model provides a mechanism to propagate the 2D sheet motif along
the disordered direction. The critical feature of this approach is the ability to refine a
relatively small number of physically meaningful parameters for a massively defective
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atomic ensemble. Such “multilevel modelling” is imperative in order to distinguish
between atomic point defects and intersheet disorder which impacts the PDF in
overlapped but distinctly different ways.10,22 Furthermore, reduction of parameter space
and increased range of data analyzed increases the likelihood of discovering
nondegenerate structure solutions and aides in distinguishing the influence of correlated
parameters, ideally leading to more meaningful results. Our approach uses a generalized
refinement engine coded in Python and compatible with both a real space profile
generator (DiffPy-CMI11) and a reciprocal space profile generator (DIFFaX23), although
the work herein work focusses solely on real space analysis. We have made use of
LMFIT24 which extends the numerous SciPy25 minimizer methods with constraint
equations. The finite coherence of the nanoparticle cluster is approximated by a sheet
characteristic function which appropriately scales G(r) as a function of real space.17,18
This refinement method is applied to a stacking disordered δ-MnO2 nanosheet assembly
prepared by exfoliation of HxMnO2 and subsequent flocculation using acid. The
assemblies have an irrational basal series and broadened but featured hkl bands indicating
the material is neither turbostratic nor arranged in any ordered polytype.26 Our results
suggest limited face-to-face restacking occurs with transverse stacking vectors governed
by the overlapping surface potential of neighboring sheets. These semi-ordered tactoids
assemble in a disordered fashion to form mesoporous ensembles with continuous open
∙∙∙
′′′
slit-like porosity. The refined defect content includes the 𝑉𝑀𝑛
− 𝑀𝑛𝑠𝑢𝑟𝑓.
defect pair

described by Manceau et al.6 and herein termed a surface Frenkel defect9, chemisorbed
water sites, and free water sites in the layer type with longer basal spacing. Refinement of
25 Å of real space highlights the success of this approach, where the refined
mesostructure information may provide clues towards the intercalation kinetics of alkali
species relevant to environmental remediation, biochemistry, and electrochemical
electrodes.
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5.3
5.3.1

Experimental methods
Preparation of disordered δ-MnO2 nanosheet clusters

K0.45MnO2 was prepared through a traditional solid state process. Stoichiometric amounts
of K2CO3 (Alpha Aesar, 99.0%) and MnCO3 (Alpha Aesar, 99.9%) were intimately
mixed together in isopropanol using a McCrone micronising mill (McCrone Group). The
mixed powders were dried and calcined at 900 °C in air for 12 hours.
HxMnO2 was prepared through ion exchange of the parent compound. 0.5 g of K0.45MnO2
powder was suspended in 50 ml of 1M HCl and stirred for 3 days, with the HCl solution
being replaced every 24 hours using centrifugal separation. The resulting powder was
collected by centrifugation at 4,000 rpm (2,600 relative centrifugal force (RCF)), washed
to neutral pH using DI water, and dried in air at 60 °C.
A nanosheet colloid was obtained using the organic pillaring agent tetrabutylammonium
hydroxide (TBAOH or Bu4NOH). The dried HxMnO2 powder was resuspended in 50 ml
of 0.077 M TBAOH solution and stirred for 7 days. This suspension was centrifuged at
4,000 rpm (2,600 RCF) and decanted to separate unexfoliated HxMnO2∙Bu4NOH from
the nanosheet colloid. The pillared HxMnO2∙Bu4NOH was subsequently redispersed in 50
ml DI water, agitated, centrifuged, and decanted repeatedly until a total of 400 ml
nanosheet colloid was collected.
The nanosheets were collected by flocculation with HCl and centrifugation. 6N HCl was
added dropwise to the suspension while stirring until a pH of 2 was reached. The
suspension was stirred at pH 2 for 24 hours, at which point floccs were visually apparent.
The nanosheet floccs were collected by centrifugation at 1,000 rpm (160 RCF), washed
to neutral pH with DI water, and dried in air at 60 °C.
5.3.2

Powder characterization

Phase formation was tracked using powder X-ray diffraction. Characteristic diffraction
patterns for the parent K0.45MnO2 phase and the resulting reassembled nanosheet clusters
are shown in Figure 33. The parent phase material demonstrates predominantly
monoclinic (C2/m) birnessite without evidence of precursor materials or other MnO2
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polymorphs. The particular nanosheet sample discussed herein demonstrates limited
restacking with two characteristic interlayer spacings at approximately 9.5 and 7.0 Å, as
evidenced by the broad irrational basal reflections shown in Figure 33.
Nitrogen adsorption isotherms (Figure 34) were collected using a TriStar II
(Micromeritics) and analyzed using the formalism of Brunauer Emmet and Teller (BET).
27

The nitrogen adsorption isotherm demonstrated a Type IV profile and H3 hysteresis,

indicative of a mesoporous solid comprised of continuous facile pore connectivity.28 The
BET specific surface area was calculated to be 69 ± 1 m2∙g-1.
The reassembled microstructure and the individual δ-MnO2 nanosheets were imaged
using scanning electron microscopy (SEM) (Figure 35(a)). Powder mounts were prepared
on conductive carbon tape from the dried reassembled powder and imaged using
secondary electrons and a 5 keV field emission beam (Quanta 200F, FEI). The absence of
residual potassium was confirmed using energy dispersive spectroscopy and a 20 keV
beam (Genesis, EDAX) (Figure 42).
The nature of the nanosheet colloid was investigated using transmission electron
microscopy. Isolated sheets from a dilute MnO2 nanosheet suspension were dispersed on
a carbon grid. A representative bright field image collected using a Hitachi HF-3300
STEM and 300 keV probe is shown in Figure 35(b). The general absence of contrast and
high degree of transparency are indicative of isolated sheets, where multiple overlapped
sheets generally present a rumpled and irregular image. Additional high resolution TEM
imaging (Figure 43) suggests the in-plant structure relaxes into submicron ordered
domains upon exfoliation, consistent with the broadened hk0 features evident in Figure
33.
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Figure 33: Characteristic X-ray diffraction patterns for the parent K0.45MnO2 (*)
and resulting nanosheet (NS) assembly (◊). While in practice the phase evolution
was tracked using laboratory powder diffraction, higher resolution data from APS
11-ID-B are shown here to highlight the distinct features in the hkl region.
Nanosheet assemblies show broadened irrational 00l reflections due to limited
face-to-face restacking, and numerous broad overlapped hkl peaks that appear as
continuous diffuse bands.

Figure 34: The characteristic Type IV (IUPAC classification) N2 adsorption
isotherm is indicative of a mesoporous structure. The H3 hysteresis type indicates
continuous facile pore connectivity. This particular sample has 69 ± 1 m2∙g-1
specific surface area, indicating extensive face-face restacking.

94

Figure 35: Typical SEM morphology of the exfoliated δ-MnO2 floccs dried onto
a Ni substrate indicate limited restacking as well as a crumpled morphology that
leads to open mesoporosity (a). TEM measurements of the TBA-exfoliated
suspension confirm isolation of single δ-MnO2 sheets (b). Part (b) reprinted by
permission from Springer Nature: Nat. Comm. 8 14559, ©2017).9
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5.3.3

High energy X-ray scattering

Powders of the reassembled δ-MnO2 nanosheet clusters dried at 60 °C were loaded into
standard 1 mm kapton capillaries for X-ray PDF measurement on the Advanced Photon
Source (APS) beamline 11-ID-B (Argonne National Lab). Rapid-acquisition PDF
measurements14,29 were performed in Debye-Scherrer geometry using Si<311>
monochromated 58.66 keV (0.2114 Å) X-rays and a 2D amorphous silicon detector
(Perkin Elmer, Model). Measurements for PDF extraction were performed at a detector
distance of 180 mm for a usable Q-range of 0.4-24.5 Å-1. Data for reciprocal space
analysis were collected at a distance of 950 mm for improved Q-resolution.
The 2D data were integrated using FIT2D where detector position and orthogonality were
calibrated using a CeO2 standard.30,31 CeO2 was further used to refine real-space
dampening and broadening parameters (Figure 44). The PDF data was reduced using
PDFgetX2.32
The resulting scattered intensity, reduced structure factor, and PDF for the δ-MnO2
nanosheet assembly are shown in Figure 36.
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Figure 36: Integrated 2D scattered intensity I(Q) (a), reduced structure factor
F(Q) (b), and reduced pair distribution function G(r) (c) obtained from a δ-MnO2
nanosheet assembly measured on APS 11-ID-B.
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5.4

Structure modelling

Our model of the defective δ-MnO2 nanosheet was constructed from the sheet motif of
birnessite (Figure 37(a)) and the Mn defect model proposed by Manceau et. al (Figure
37(b))6 and others.33–35 In this scheme strain from Jahn-Teller distortion caused by the
reduction of Mn4+  Mn3+ is relieved when manganese from the central sheet (Mn1, O1,
°°°
O2) are displaced to the sheet surface. This charged, undercoordinated 𝑀𝑛𝑠𝑢𝑟𝑓.
site

(Mn2, Mn3) is rapidly coordinated by available anions near the sheet surface- namely
hydroxyl species (O3, O4) which return the Mn to six-fold coordination. We call this
°°°
′′′
𝑉𝑀𝑛
− 𝑀𝑛𝑠𝑢𝑟𝑓.
defect pair a surface Frenkel in correspondence to its bulk counterpart.

The occupancies of the O5 and O6 sites are constrained to the respective Mn2 and Mn3
occupancies, where the site multiplicity ensures correct Mn-coordination.
Additional hydronium species may collect between sheets. These sites tend to be
delocalized with respect to the nanosheet structure, but form periodic bands of electron
density in the stacking direction thus forming an important contribution to the intensity of
the 00l Bragg rods.36 These disordered sites are represented by oxygen atoms (O5, O6)
with large thermal displacement placed on (0, 0, ± δ) where δ is some minuscule value.
While reciprocal space refinements are sensitive to these z-positions which dramatically
impact the 00l and hkl intensity ratios, real space refinements were found to be
insensitive to fluctuation of z position for intercalated water species and these values
were subsequently fixed.
Jahn-Teller distortion can also occur in Mn remaining in the sheet. These species can
reduce the free energy of the system by aligning in bands oriented along the apical MnO 6
direction.8 We model this distortion by parameterizing the lattice constant a, which
accounts for biaxial swelling of the Mn-O coordination unit, as well as the angle γ which
permits apical elongation of the MnO6 unit. This corresponds to earlier consideration
given to the quantity of Mn3+ and its influence on the a:b ratio of the orthorhombic
δ-MnO2 setting (Figure 37(a)).34 The position of the in plane oxygens were allowed to
relax in the (110) plane. Finally, symmetry constrained displacements along the c vector
are refined to account for atom relaxation away from the mid-plane.
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The model thus described is expanded in the third dimension by a set of stacking vectors
R that locate neighboring sheet positions. Because the material system under study is not
expected to contain ordered polytypes, where more than one stacking vector is
appropriate we are free to make use of the additive property implicit in Equation 5.3 and
decompose G(r) into partial pair distribution functions g(r) representing these discrete
stacking vectors.
5.5
5.5.1

Results
Exploration of stacking vector space

The principal challenge in producing structure solutions for stacking disordered
nanosheet clusters lies in accounting for correlations in the direction of lost periodicity.
Using a test model described above and the perpendicular vectors suggested by the
scattered intensity (i.e. the 00l positions in Figure 33), we first set out to determine the
transverse stacking vector components. Trial states comprised of single stacking vectors
were calculated using a 1x1x10 supercell and compared to the experimental data,
resulting in a fit surface mapping vector components Rx and Ry against fit residual. The
fit residual in this instance has a direct physical interpretation as likelihood of occurrence,
as configurations with poor fit are less likely to exist.
The fit surface (Figure 38) illustrates the most likely location of the next unit cell,
reference to our choice of origin (Figure 37) or equivalently reference to the in-plane Mn
position. The fit surface is shown to be quite sensitive to choice of stacking vector, and
highlights several two apparent trends. Vectors lying along the rhombohedral 〈100〉
and 〈110〉 families of vectors appear to be favored in both the short and long d001-spacing
configurations. These correlate to the 〈110〉 and 〈110〉 vectors in the orthorhombic
setting, respectively.

Vector configurations [0 0 Rz] are extremely unsatisfactory,

resulting in the largest residual. While the 9.48 Å model suggests more disordered
stacking the fit surfaces, especially in the 7 Å model, have the similar apparent symmetry
as the δ-MnO2 sheet (𝑃3̅).
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Figure 37: The idealized defective δ-MnO2 nanosheet structure is comprised of a
central CdI2-type “triangular lattice” which can be represented equivalently in an
orthorhombic or distorted rhombohedral setting(a). The manganese from the
central plane (Mn1) can jump to surface sites (Mn2, Mn3), creating a surfaceFrenkel defect (b). Surface Mn are quickly coordinated by available anions- in
this case, OH- represented as O3 and O4. Where the interlayer spacing is
sufficiently large, additional water species may be intercalated (O5, O6). The
idealized δ-MnO2 lattice possesses inversion symmetry in the body center of the
unit cell which is maintained in our model.
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Considering the translational symmetry of the δ-MnO2 sheet, six unique transverse
vectors [Rx, Ry] were chosen to represent the material under study: [a, a], [a, 0], [0, -a], [a, 0], [0, a], and [-a, -a] where 𝑎 = 1⁄3. Considering the apparent equivalence of Rwp at
these local wells, these six sites were assigned equivalent scale factors in the resulting
model, while the fractional contribution from components with Rz = 7.0 Å and 9.48 Å
were allowed to vary.

Figure 38: Possible intersheet vectors were explored in order to determine likely
stacking configurations for the 7.0 Å (right) and 9.48 Å (left) d-spacings. The
influence of the underlying sheet symmetry (𝑃3̅) on the electrostatic selfassembly is suggested by the apparent preference of certain configurations.
5.5.2

Refinement of the pair distribution function model

Using the 2 basal spacings evident in I(Q) (Figure 33) and the 6 transverse vector
components elucidated by the preceding PDF analysis, a hierarchical model was devised.
Each of the likely stacking configurations was represented by a 1x1x3 supercell. The
resulting pair correlations from each of these models were summed to obtain a composite
PDF representative of the entire layer assemblage. Atomic parameters describing the
layer motif (i.e. position, occupancy, and thermal displacement) were constrained by
single governing values that were subsequently optimized using a differential evolution
algorithm (Table IX).
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Several of the structural parameters were assumed to be the same in both the 7.0 and 9.48
Å layer models. Occupancy of the surface hydroxyl site coordinating the surface Mn was
constrained such that six-fold coordination was maintained
[𝑂𝐼𝐿 ] = 3 (1 − [𝑉𝑀𝑛 ]).

5.4

H2O in the larger interlayer gallery was confined to the midplane (z ~ 0.0) while the other
sites were allowed to relax away from the MnO2 midplane. To account for the differences
in magnitude of the c vector for the two layer models, these quantities were refined in Å
as displacement along c.
Attenuation of G(r) due to the finite shape of the coherent scattering domain was
reproduced using a sheet characteristic function.18 Similar application of a spherical
characteristic function was not suitable in this material due to the appreciable signal in
G(r) at large radii, consistent with our knowledge a priori of the material microstructure.
This model was refined over 50 Å with Nyquist-Shannon sampling37 and reproduces the
major features across the entire range of data (Figure 39).
Posterior probability distributions of the model parameters were obtained using an Affine
Invariant Markov chain Monte Carlo (MCMC) Ensemble sampler in the software
package emcee38. This algorithm walks over stochastically determined parameter
combinations informed by the preceding optimization procedure in order to obtain
parameter distributions consistent with the observed data.
These distributions are constructed to satisfy the log likelihood function
2

(𝐺(𝑟)𝑛,𝑜𝑏𝑠 − 𝐺(𝑟)𝑛,𝑐𝑎𝑙𝑐 )
1
ln 𝑝 (𝐺(𝑟)𝑜𝑏𝑠 | 𝑝1 , … , 𝑝𝑁 ) = − ∑
+ ln(2πsn2 )
2
𝑠𝑛2

5.5

2
𝑠𝑛2 = 𝜎𝑛2 + 𝑓𝐺𝑛,𝑜𝑏𝑠

5.6

𝑛

where p1, …, pn are the model parameters, σn is the uncertainty in the observed data, and f
measures the extent to which the variance is underestimated. MCMC posterior
distribution analysis was chosen because there is no reason, a priori, to assume the model
is composed of well-behaved normally distributed parameters, in which case reporting a
mean value and standard deviation does not readily represent the observed distribution of
states.39 Rather, certainty in the refined model is reported using the 16th, 50th, and 84th
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percentile values- e.g. the median value and what corresponds to ± 1 σ in a standard
normal distribution. These values are reported in Table IX, and the covariance and
parameter distributions are visualized in Figure 45.
For comparison to conventional analyses in PDFgui,40 a simple model containing a single
layer structure as described above was applied to the first 7.0 Å of the same data. These
refined parameter values are also reported in Table IX. Finally, bond valence sum41
(BVS) calculations were performed using the DiffPy-CMI module srreal. These values
are reported in Table X.

Figure 39: The refined pair distribution function, using a hierarchical layer
assemblage of 6 degenerate transverse vectors and 2 basal spacings, and a sheet
characteristic function reproduces the general features of the PDF across 50 Å
(Rwp = 37.9%).
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Table IX: Refined Model Parameters Using a Supercell Approach and a Periodic
Unit Cell Approach.
50 Å (+ | -)

% error (+ | -)

7 Å PDFgui (±)

% error

a = b [Å]

2.8514 (6 | 2)

0.02 | 0.01 %

2.851 (3)

0.12

γ [°]

119.846 (9 | 9)

0.01 | 0.04 %

118.8 (2)

0.20

Rz / 9.48 [Å/Å]

0.9832 (1 | 7)

0.01 | 0.07 %

-

-

Rz / 7.0 [Å/Å]

1.0351 (1 | 7)

0.01 | 0.07 %

-

-

L7 scale [-]

0.9640 (8 | 12)

0.08 | 0.12 %

-

-

Data scale [-]

0.2604 (10 | 4)

0.4 | 0.14 %

0.87 (5)

5.96

Thickness [Å]

9.17 (2 | 7)

0.19 | 0.73 %

-

-

δ2 [Å ]

1.051 (1 | 8)

0.07 | 0.76 %

2.7(3)

12.7

MnIL disp. [Å]

1.986 (9 | 3)

0.46 | 0.13 %

0.180 (6)

3.17

O disp. [Å]

0.989 (2 | 1)

0.21 | 0.06 %

0.362 (1)

0.30

IL

O disp. [Å]

2.935 (5 | 2)

0.17 | 1.44 %

0.063 (6)

9.61

O x [-]

0.654 (1 | 3)

0.22 | 0.49 %

0.676 (3)

0.50

Mn occ. [-]

0.8598 (4 | 5)

0.05 | 0.06 %

0.76 (2)

3.16

L9 H2O occ. [-]

0.2204 (6 | 10)

0.28 | 0.46 %

-

-

Mn Biso [Å-2]

†

2

‡

†

0.2131 (2 | 9)

0.09 | 0.43 %

0.22 (3)

15.2

-2

0.2134 (35 | 6)

1.62 | 0.26 %

2.7 (6)

21.7

-2

O Biso [Å ]

0.5845 (17 | 4)

0.3 | 0.07 %

0.9 (1)

12.0

OIL Biso [Å-2]

IL

Mn Biso [Å ]

1.0003 (47 | 2)

0.47 | 0.02 %

0.7 (5)

74.0

-2

1.0126 (56 | 15)

0.55 | 0.15 %

-

-

f [-]

1.866 (3 | 15)

0.16 | 0.79 %

19

-

13

-

37.9

-

28.1 %

-

H2O Biso [Å ]
N-variables [-]
Rwp [%]

† L7 and L9 indicate quantities specific to the short and long Rz models respectively.
‡ absolute length along c with respect to distance from the MnO2 midplane.
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Table X: Defect Concentration, BVS Results, and Water to MnO2 Ratio for the
Refined PDF Model.
50 Å
VMn [%]

14.02 (0.05 | 0.04)

* Avg. Mn charge[e]
In-plane Mn charge[e]
Surface Mn charge[e]
In-plane O charge[e]
Surface O charge[e]
H2O charge[e]
** water : MnO2 [-]

3.72
3.97
2.18
-1.84
-0.24
-0.02
0.437 (7 | 6)

* Mn4+-O2- BVS: R0 = 1.753 ; B = 0.37
** 'free' water and surface coordinated hydroxyl
5.5.3

Refinement of the 00l diffraction peak models

The refined PDF layer structure discussed in the preceding section was used for
reciprocal space refinement of the powder diffraction basal series. Our refinement code
was used in conjunction with the profile generator DIFFaX, a recursive-method
calculator for the scattered intensity.23 The transition matrix elements, including the
transition probabilities αij, the stacking vectors Rij, and the position uncertainties Cij were
specified following the assumption of three distinct transition types with regard to Rz:
transitions consistent with the long basal spacing; transitions consistent with the short
basal spacing; and a transition from long to short stacking sequences or vice versa. Thus,
we refined a model with two primary layer types (Rz, 11 = 7 Å and Rz, 22 = 9.48 Å) and
constrained Rz,12 = Rz,21.
Gaussian instrumental broadening was refined using CeO2 standard data collected under
identical experimental conditions. The experimental background was subtracted pixel-bypixel from the data using FIT2D before integration. Additionally a background comprised
of a constant and 1⁄°2𝜃 term was fit to compensate for any scattered intensity not
accounted for in our DIFFaX model. The fit residual was weighted by the inverse of the
observed intensity in order to improve sensitivity of the refinement to the low-intensity
features.
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In addition to the stacking disorder parameters, it was found necessary to free the
interlayer water occupancy parameters. Table XI summarizes these results which are
discussed in the next section.

Figure 40: Refined scattered intensity for the Q-range containing the first three
sets of basal reflections (Rwp = 6%).
Table XI: Refined Parameters Corresponding to Figure 40.
Layer transition parameters
αij [-]
Rz,ij [Å/Å]
C33,ij [Å-2]

11

12 | 21

22

0.99 (16 | 16)
1.000 (9 | 9)
27.5 (2.5 | 8.8)

0.80 (15 | 11)
2.8 (3.3 | 2.0)

0.96 (3 | 6)
0.73 (2 | 2)
38.4 (6.8 | 8.5)

Layer structure parameters
constant [-] 3542 (1844 | 1078) L9 OIL occ. [-]
1/χ [-] 1373 (370 | 352)
L7 OIL occ. [-]
scale [-]
0.031 (12 | 08)
L9 H2O occ. [-]
f [-]
1.6 (4 | 4)
MCL [nm]
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0.6 (2 | 2)
0.60 (27 | 30)
0.65 (17 | 15)
18 (6 | 5)

5.6

Discussion
5.6.1

Structure relaxation and layer symmetry

The refined structure (Figure 8) maintains a reasonable coordination unit for in-plane Mn.
The apical in-plane M-O bond length of 1.971 Å is short for Jahn-Teller distorted Mn3+,
which is consistent with the BVS values (Table X). The transverse M-O bond length of
1.898 Å is consistent with estimates of atomic radii based on the Shannon radii.42 Given
Biso is proportional to the mean square atomic displacement (i.e. 8 π2 〈𝑢2 〉), the refined inplane Mn thermal displacement amounts to position fluctuations of 8% of their Shannon
radii.
Surface displaced Mn demonstrates a more disordered coordination environment in the
refined structure model. Mn are located slightly further from the sheet surface with
transverse and apical M-O bonds of 1.902 and 1.975 Å respectively, and outward M-OHbonds of about 1.9 Å. The calculated BVS value for the surface Mn suggests the site is
underbonded. The in-plane oxygen BVS value is somewhat less than the expected value
of -2.0, reflecting the deviation from crystallinity in the δ-MnO2 lattice. Finally the
surface oxygen sites, which are most likely OH-, have severely different BVS values than
would be expected. This discrepancy is likely due to the irregular interlayer structure
which is beyond the feasible application of the BVS model.
It has been noted by Ruetschi43 that the reduction of Mn4+ to Mn3+ results in an associated
volumetric expansion. The microscopic origin of this expansion is the associated JahnTeller distortion of Mn[III]O6 units. These units can relieve some measure of the
unfavorable strain by aligning in bands along their apices, as has been noted in so-called
triclinic birnessite.8,34 In the orthorhombic setting this leads to an increase in the ratio of
the a to b lattice vector magnitudes, or in the rhombohedral setting deviation of γ from
120° (e.g. Figure 37(a)). Whereas ideal hexagonal symmetry results in an orthorhombic
a/b ratio of √3 = 1.7321,44 we observe
𝑎𝑜𝑟𝑡ℎ𝑜
𝑏𝑜𝑟𝑡ℎ𝑜

2𝑑

= 2 𝑑11̅0 = 1.7258.
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5.7

Figure 41: A view of the refined layer structure with transverse vector (1/3, 1/3)
and 9.435 Å period along c demonstrates the relaxation of the in-plane and
surface MnO6 environments (a). Jahn-Teller distortion of the in-plane MnO6 is
evident, as well as the irregular environment of the surface MnO3(OH)3 structural
unit. The split interlayer water position is an artifact of the model that is
indistinguishable from an enlarged thermal displacement value. However, a
perpendicular view of the δ-MnO2 layer with possible coordinates for the next
water site (b) is reminiscent of the structure of K-birnessite reported by Gaillot et
al.
It is unclear why the refined lattice constants reflect nearly ideal hexagonal symmetry
considering the large defect content and associated Mn reduction. A suitable explanation
must consider the competing effects of in-plane relaxation around Mn vacancies and
Jahn-Teller distorted Mn[III], and of the interaction between surface species and the
mechanically unclamped sheet.
Visualizing the interlayer region is somewhat challenging. The refined H2O occupancy in
the 9.48 Å layer type is 0.2204 (06 | 10). The model water positions, which depend upon
both the refined stacking vector components and the x-y-coordinate, appear to lie roughly
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between terminal OH- sites on neighboring layers with a median H2O – OH- distance of
2.3 Å (Figure 41). The present data is insufficient to determine whether the intercalated
water is present as H2O, H3O+, or some other charged water specie, or to determine the
role such water species may play in interlayer bonding. The split water site (Figure 41(b))
is an artifact of the choice of stacking vectors used here; still, this site is reminiscent of
the interlayer sites in crystalline K-birnessite where degenerate positions influenced by
the surface coordination are found.34 The 7.0 Å layer types appear identical to the 9.48 Å
layers, but contracted along c and with no interlayer water site.
As noted by Zhu et al.,44 determination of interlayer cation positions is one of the primary
challenges to be overcome in structural studies of poorly crystalline phyllomanganate
structures. While this work fails to make any clear advancement in this regard, the refined
model does suggest a rationale for comprehending the interlayer or near-surface structure
of δ-MnO2 nanosheet materials. Although the δ-MnO2 structure loses structural
coherence over large length scales, it maintains local symmetry. There is an apparent
alignment of neighboring sheets into a number of degenerate stacking configurations that
are consistent with the underlying sheet symmetry (Figure 38), suggesting that surface
electrostatics dictate semi-ordered self-assembly. As a consequence, interlayer species
are subject to a symmetry-constrained electric field- even in materials with extreme
macroscopic disorder, leading inserted cations and anions to occupy energetically
degenerate sets of distinct sites.
5.6.2

Mesoscale information

The 0.9 nm sheet thickness refined from G(r) is substantially smaller than the 18.5 nm
domain size refined from the basal XRD peak series. This discrepancy is consistent with
the large refined position uncertainties Cij. Bearing in mind G(r) as defined in Equation
5.3 measures deviation from the average atom pair density,16 we see that the region of
space which appears correlated encompasses the nearest neighbor sheets only.
Effectively, reassembled δ-MnO2 nanosheets exhibit limited registry between
neighboring sheets but become increasingly uncorrelated on average.
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In the reciprocal space model the refined layer transition probabilities refine to values
near 1, indicating that the layer assembly tends towards groups with similar interlayer
separation. Both the long and short layer types have a large refined uncertainty Cij in the
magnitude of Rz, while the refinement marginalizes the intermediate (i ≠ j) transitions. It
is likely that the varied interlayer separation is due to the inhomogeneous dehydration of
the interlayer galleries, analogous to the minerals buserite (d001 = 10 Å) and birnessite
(d001 = 7 Å).4
Spontaneous ordering has ramifications for control over intercalation kinetics, where
tuning the solid-electrolyte interface can dramatically impact sorption and diffusion of
aqueous species. Meanwhile, it appears that reliable quantification of absolute particle
size distributions should be relegated to reciprocal space analyses6 and to complimentary
methods of direct observation (e.g. electron microscopy, light scattering, etc.).
5.6.3

Model accuracies

Bond valence sums of the refined structure lend credence to the feasibility of the refined
structure even though the bond valence model and coefficients are derived from bulk
inorganic crystals, and hence application of the BVS method to an irregular hydrated
oxide interface on a 2D material unquestionably stretches the feasibility of the model

41

.

The near-zero charge of the interlayer water is consistent with the hypothesis of neutral
water species hydrogen bonded to the oxide surface. The average oxidation state of the
in-plane manganese is consistent with values obtained experimentally by X-ray
absorption spectroscopies

45

. Finally, the net charge of the system is effectively zero,

satisfying Pauling’s rule of electroneutrality.
Refining the δ-MnO2 structure over 7.0 Å unsurprisingly leads to larger uncertainty in
most of the parameters (Table IX). Importantly, inclusion of neighboring sheets and
interlayer water dramatically impacts the refined Mn vacancy content. As Zhu et al.

44

have recently pointed out, absolute quantification of Mn vacancy content in defective
manganese oxides is far from trivial. Further, structure refinement from limited radius has
allegedly led to incorrect structure assignment in nanometric biogenic MnOx 6. This is
perhaps unsurprising, as many of the MnO2 polymorphs exhibit the edge-shared MO6
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molecular fragment typified in δ-MnO2. Finally, peak areas in PDFs are influenced
commonly by occupancy and scattering power- that is to say, it is possible to mistake the
relative contributions of different atomic species to a single feature. Refinement over
large radius should in principal aid in disentangling correlated parameters, especially in
such complex materials as nanometric MnO2.
The difference between the refined size parameters in the real and reciprocal space
models reinforces the complementarity of the two modeling approaches. The PDF, with
enhanced sensitivity to nearest-neighbor sheet correlations, provides evidence for semiordered restacking. Meanwhile, the 00l Bragg peaks demonstrate greater sensitivity to the
size of the restacked domains. Considered together, the refined value slab thickness (1.2
nm) suggests intersheet atoms become uncorrelated after just a few layer transitions,
although an average restacked assembly will contain approximately 23 sheets. The ability
to tune and observe intersheet ordering and reassembled domain size independently
implies the opportunity to engineer desirable mesostructures for end applications.
Besides translational disorder, it is feasible to assume other imperfections exist in the
sample volume probed in the scattering experiment. These can be segregated into
atomistic perturbations including rotational stacking disorder and sheet deformation, and
aggregate irregularities like non-coplanar assembly of restacked tactoids and tactoid
shape. Large scale features, like shape of the assembled tactoids, are not typically
captured in a PDF measurement, though methods for correcting the observed PDF for
missing small-angle scattering data have been proposed.46
Earlier work in Na-coagulated δ-MnO2 nanosheets demonstrated rotational disorder
between restacked sheets.47 In this TEM study selected area electron diffraction along the
001 zone axis revealed the six-fold hk0 spots anticipated for the trigonal lattice, as well as
discrete ancillary spots of equal magnitude rotated every 15°. Whether the difference in
processing (e.g. acid flocculation vs. Na coagulation) could impact interlayer ordering is
unclear, but at least two commonalities exists between this and the previous work. First,
the authors similarly concluded that the reassembled δ-MnO2 sheets demonstrate a
preference for discrete interlayer ordering. Second, the authors concluded that there was
likely an influence due to surface electrostatics that controlled the reassembly of
neighboring sheets.
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Finally, the fit residual for the PDF model is larger than those typically reported for
crystalline materials (e.g. CeO2 at 9.7%, Supplemental Figure S3) or in other published
work on layered materials (e.g. Ti3C2Tx, ca. 20%

10

). Including additional model

complexity- either through a method like that forwarded by Prill et al.21 or by including
more sampling of the stacking parameter space would likely decrease the fit residual.
Meanwhile, the central success of this work is the reproduction of redistributed atom pair
correlations due to stacking disorder which enables modeling of a large range of PDF
data. The marked difference in the refined Mn occupancy, and the increased certainty
obtained here when compared to conventional PDF modeling approaches recommends
this approach to modelling materials with extensive stacking disorder.
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5.7

Conclusions

We demonstrate that the complex reassembly of δ-MnO2 nanosheets is strongly
dependent upon the underlying symmetry of the material by using a novel hierarchical
refinement strategy of experimental X-ray pair distribution function data. This approach
yields detailed information concerning the connectivity of neighboring nanosheets, which
are ordered into a number of degenerate stacking configurations rather than
turbostratically arranged. While evidence of rotational disorder is not clear in this work,
the proclivity of reassembled δ-MnO2 nanosheets towards local ordering is plainly
demonstrated. The surfaces of the nanosheets are decorated with an array of Mn surface
Frenkel defects which are in turn coordinated by hydroxyl groups that preserve the sixfold coordination of the surface Mn.
Modelling an extended region of real space is critical in order to understand the structural
features of defective transition metal oxides, where different polymorphs can be
described by rearrangement of identical molecular fragments. By invoking a hierarchical
modelling strategy and leveraging the self-similarity of the layer structure, we can
interpret G(r) over 50 Å for structurally complex and defective nanosheet assemblies
using a relatively simple structure model. We anticipate this will have far-reaching
consequences in the study of structure-property relations in functional nanostructured
materials.
While such hierarchical modelling approaches represent a definitive improvement in the
structural analysis of 2D materials, there is a critical need for the application of rigorous
statistical tools to determine the merit of the resulting structure models. Distributions of
structure configurations are implicit in such disordered specimens. Simple descriptions
based on the mean and standard deviation of a parameter are likely inadequate
representations of these materials. Understanding the actual distributions and correlations
of model parameters will offer greater insight into model inadequacies and may highlight
subtle levers for material design.
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6 DISCUSSION
As the number of material types employed as nanosheets increases, and as the complexity
of self-assembled nanosheet materials grows, more sophisticated tools will be required to
investigate the material structure-processing-property relationships. Structural scattering
techniques have been a cornerstone of materials science over the last century, and will
likely remain a vital tool in materials science. The methods developed in this thesis are
one contribution to the advancement of structural scattering tools into the new materials
science paradigm where material scale is leveraged to tune specific properties.
This work has developed an approximate method for the calculation of atom pair
correlations in materials exhibiting extensive layer disorder. By correctly accounting for
interlayer correlations, experimental PDF for such materials can be modelled across large
radius, nominally improving model accuracy and sensitivity to subtle features in the PDF.
This is the first step to gaining high sensitivity to atomic point defects whose influence on
the pair distribution function can be masked by layer disorder.
These methods have been applied to two technologically relevant oxide nanosheet
materials which demonstrate dramatically different behavior. The protonated perovskite
nanosheet booklets displayed very minor differences between the parent layered
compound and the disordered ion-exchanged form. Meanwhile, the δ-MnO2 nanosheet
assembly studied here demonstrated manganese defect formation in concentrations
greater than 10%, and appreciable structural relaxation. Both the protonated perovskite
layers and the reassembled δ-MnO2 nanosheets exhibited evidence of local intersheet
ordering despite the presence of broad diffuse intensity bands in their respective powder
diffraction profiles.
These results imply two different cases exist for the control of defects in nanosheet
materials. The layered perovskite with 3-octahedra thickness remained relatively
invariant upon ion-exchange, suggesting that the principles of perovskite crystal
chemistry applied to the bulk layered form will be retained in the derived nanosheet.
Meanwhile, δ-MnO2 nanosheets are strongly perturbed by their surface environment and
will equilibrate to different states depending on their process history.
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There are several important directions for this work to continue in. First, while the
sensitivity of the PDF to stacking disorder has been demonstrated, the accuracy and
limitations of the approach have not been well established. For example refinement of
unconstrained phase weights and stacking vectors is complicated due to correlation,
leading to difficulty in estimating uncertainties in these parameters. Opportunities to
improve confidence in the refined parameters include post-analysis using appropriate
statistical tools, and inclusion of a broader range of data in the refinement process.
Second, the methods developed during the course of this thesis project were designed
around materials that are intrinsically challenging to characterize. Application of these
methods to well-understood systems with substantial layer and point defect
concentrations will improve understanding and awareness of pitfalls in the analysis.
Finally, the work in this thesis specifically addresses an approximate method of treating
the redistribution of atom correlations in materials with layer disorder- a method of
accounting for the real-space damping observed in materials with layer disorder has yet
to be developed. While in principle this effect could be derived mathematically from the
Fourier transform and the convolution theorem, the anisotropic nature of the layer
disorder will likely prohibit identification of a globally applicable mathematical form.
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7 APPENDICES
7.1

Asymptotic form of the scattered wave

The general form of the incident and scattered waves can be extracted from basic
quantum mechanical principles. In the case of the incident plane wave traveling in the
direction x, the total energy of the particle is kinetic (i.e. V(x) = 0)
p2
E=
+ V(x)
2m

7.1

∂
ℏ2 ∂ 2
iℏ = −
∂t
2m ∂x 2

7.2

The appropriate quantum mechanical operators have been substituted for E and p. This
leads to the Schrödinger wave equation (SWE)
̂ψ = H
̂ ψ → iℏ
E

∂ψ
ℏ2 ∂ 2 ψ
= −
∂t
2m ∂x 2

7.3

Writing ψ(x, t) as a separable equation of φ(x) and τ (t) and making use of the separation
constant E, we obtain two independent differential equations
E = iℏτ−1

∂τ
∂t

7.4

ℏ2 −1 ∂2 φ
E= −
φ
2m
∂x 2

7.5

The solutions for Equation 7.4 and 7.5 can be obtained directly using an integrating factor
E

τ(t) = C0 e−iℏt
2mE
x
ℏ

φ(x) = C1 ei

7.6
2mE
x
ℏ

+ C2 e−i

7.7

The constants E/ℏ and 2mE/ℏ are often written as ω and k respectively. The complete
function of x and t is then written
ψ(x, t) = C3 ei(k∙x−ωt) + C4 e−i(k∙x−ωt)

7.8

Conventionally, a wave traveling right is indicated by the term following C3. The
equation of the incident wave is therefore set equal to the first term in Equation 7.8.
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The form of the scattered wave is obtained in a similar fashion. To simplify the form of
the Schrödinger equation, we assume that observation of the scattering event is made far
from the scattering center (i.e. we observe the asymptotic form of the wave function). In
this limit we assume
i.

The scattered wave is spherically symmetrical, and

ii.

The potential energy is effectively zero at r some distance from
V(r0).

Substituting the spherical Laplacian operator into Equation 7.2 we obtain the appropriate
Schrödinger wave equation (SWE)
∇2sph =

1 ∂ 2 ∂
1
∂
∂
1
∂2
(r
)+ 2
(sin θ ) + 2 2
r 2 ∂r
∂r
r sin θ ∂θ
∂θ
r sin θ ∂φ2
iℏ

∂φ(r)
ℏ2 2
= {−
∇ + V(r)} φ(r)
∂t
2m sph

7.9

7.10

And making use of assumptions i and ii
iℏ

∂φ
ℏ2 1 ∂ 2 ∂
=−
(r
)φ
∂t
2m r 2 ∂r
∂r

7.11

Making the change of variables ψ = u(r)/r and use of an integrating factor leads to the
solution
ei(k∙r−ωt)
e−i(k∙r−ωt)
ψ(r, t) = C1
+ C2
r
r
Where we have made use of the result for τ from Equation 7.6.
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7.12

7.2

Laue monotonic scattering

Traditionally, diffuse scattering has focused on imperfections in crystalline materials that
lead to some combination of a redistribution of scattered intensity in Q-space and
broadening of Bragg spots. Such “classical” disorder includes thermal vibration, chemical
irregularities (e.g. vacancies, substitutional and interstitial defects) and chemical short
range order. The following discussion follows from the text by Nield & Keen

1

and the

earlier work by Warren 2.
Laue monotonic scattering is the special case of elastic, incoherent scattering that arises
when the chemical constituents of a lattice are randomly ordered, and constitutes a
diffuse intensity that decreases monotonically with increasing scattering vector. This
follows mathematically from the rearrangement of the fundamental scattering equation
𝑁

𝑁

𝐼(𝑄) = ∑ ∑ 𝑏𝑖 𝑏𝑗 𝑒 𝑖𝑸∙𝒓𝒊𝒋
𝑖

𝑗

𝑁

𝐼(𝑄) =

𝑁

∑ 𝑏𝑗2
𝑖=𝑗

7.13

𝑁

+ ∑ ∑ 𝑏𝑖 𝑏𝑗 𝑒 𝑖𝑸∙𝒓𝒊𝒋
𝑖

7.14

𝑗≠𝑖

Using the definitions
𝑁
2

〈𝑏 〉 = 𝑁

−1

∑ 𝑏𝑖2

7.15

𝑖
𝑁

〈𝑏〉2

=𝑁

−1

𝑁

∑ ∑ 𝑏𝑖 𝑏𝑗
𝑖

7.16

𝑗

And noting that in the case of i == j
𝑁

𝑁

𝑁〈𝑏〉2 = ∑ ∑ 𝑏𝑖 𝑏𝑖 𝑒 𝑖𝑸∙(𝒓𝒊 −𝒓𝒊 )
𝑖

7.17

𝑖

We can add and subtract Equation 7.17 to Equation 7.14 to obtain
𝑁

𝑁

𝑁

𝑁

𝐼(𝑄) = 𝑁〈𝑏 2 〉 + ∑ ∑ 𝑏𝑖 𝑏𝑗 𝑒 𝑖𝑸∙𝒓𝒊𝒋 + ∑ ∑ 𝑏𝑖 𝑏𝑖 𝑒 𝑖𝑸∙(𝒓𝒊 −𝒓𝒊 ) − 𝑁〈𝑏〉2
𝑖

𝑗≠𝑖

𝑖
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𝑖

7.18

𝑁

𝑁

𝐼(𝑄) = 𝑁(〈𝑏 2 〉 − 〈𝑏〉2 ) + ∑ ∑ 𝑏𝑖 𝑏𝑗 𝑒 𝑖𝑸∙𝒓𝒊𝒋
𝑖

7.19

𝑗

The last equation plainly leads to that given by Egami and Billinge (Equation 2.56). The
second term in Equation 7.19 represents the Bragg scattering, called the fundamental in
diffuse scattering literature. The first term contains the diffuse scattering contribution that
arises due to fluctuation of the local scattering power with respect to the macroscopic
average- i.e. the material short-range order.
One further detail is required and will be stated without proof. The first term in Equation
2.56 embeds any chemical SRO, which includes clustering and ordering as might be
observed in intermetallic alloys. Laue monotonic scattering constitutes the specific case
where no ordering exists, and reduces for an M component system of N atoms to
𝑀

𝑀

𝐼(𝑄, 𝑟𝑎𝑛𝑑𝑜𝑚) = 𝑁 ∏ 𝑥𝑖 ∑ −𝑏𝑗
𝑖

124

𝑗

7.20

7.3

DIFFaX input file for the generation of disordered graphene data

The following was used for the case of position disorder and uncertainty:
INSTRUMENTAL
X-RAY {rad type}
0.2114 {rad wvl}
GAUSSIAN 0.036608 {empirical broadening}
STRUCTURAL
2.5000 2.5000 3.0000 120.0000
-1 {lowest Laue group}
2 {nlayers}
infinite {lateral}
LAYER 1
None {assumed layer symmetry (?)}
{type # x y z Biso occ}
C 1 0.3333 0.6666 0.5000 0.5000 1.000
C 2 0.6666 0.3333 0.5000 0.5000 1.000
LAYER 2 = 1
STACKING
recursive
20 {mean column length}
TRANSITIONS
{alp_ij

R_xj

αij

{

1.000

R_yj

Rxj

R_zj

Ryj

(C_lm)}

𝐶𝑖𝑗𝑙𝑚

Rzj

0.200 0.200 1.000 (5.000

5.000 0.000 4.999 0.000

}
0.000)

{1-1}

An identical input file was used for the simpler case of position disorder only, but the
following transition table was substituted:
{
1.000

αij

Rxj

Ryj

𝐶𝑖𝑗𝑙𝑚

Rzj

0.200 0.200 1.000 (0.500

0.500 0.000 0.100 0.000

}
0.000)

{1-1}

Finally, the ordered case was constructed from an identical input with zero-entries for Rx,
Ry, and all Cij.
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7.4

Transformation between bases

The fractional translational stacking vector components are discussed with regard to the
layer unit cell which is trigonal. The symmetry observed in the residual maps is
applicable to the trigonal coordinates obtained by transforming the point in Rxy by the
appropriate improper rotation matrix (the angle between the axes is not conserved) and
scaling the resulting coordinates by the ratio of the major and minor axes of the trigonal
parallelepiped.
0.5 0.5
𝑨 = [−√3 √3 ]
2
2

7.21

𝑹𝒕𝒙𝒚 = 𝑨𝑹𝒐𝒙𝒚

7.22

𝑹𝒐𝒙𝒚 = 𝑨−𝟏 𝑹𝒕𝒙𝒚

7.23
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7.5

Relationship of the Stacking Uncertainty σij and Biso

The uncertainty in stacking vector is implemented in DIFFaX in a method discussed
separately by Drits and Treacy.

3,4

In the DIFFaX user’s manual, Treacy introduces this

uncertainty as a Debye-Waller-like term, dubbed “Fats-Waller” with coefficients Cij. The
relationship between this Debye-Waller like term and a real space distribution describing
the spatial correlations of discrete lamellar sheets is discussed below.
The phase term of the scattered wave is modified to account for the uncertainty εj
associated with the stacking vector Rj of the jth transition type. Consequently the position
of the atoms in a general layer will be given by the sum of the basis vector rj and the
stacking vector
𝒓𝒋 + (𝑹𝒋 + 𝜺𝒋 ).

7.24

In constructing the phase argument of the scattered wave amplitude we will consequently
obtain terms (in three dimensions) of the form
𝜓(𝒓) = ∑ 𝛼𝑖𝑗 exp[2πi 𝐬 ∙ (𝐑 𝐣 + 𝐫𝐣 + 𝛆𝐣 )]

7.25

𝑗

𝜓(𝒓) = ∑ 𝛼𝑖𝑗 exp[2πi 𝐬 ∙ (𝐑 𝐣 + 𝐫𝐣 )] exp[2πi 𝐬 ∙ 𝛆𝐣 ].

7.26

𝑗

Where αij is the transition probability, s is the scattering vector and the last term suggests
a Debye-Waller-like factor. We will assume (a) the uncertainties are uncorrelated (i.e.
stacking disorder of the second type 3) and (b) the uncertainty in the stacking vector is
proportional to the mean square displacement (MSD) of the sheet. If the crystal obeys the
harmonic approximation, then it is reasonable to assume that the MSD is normally
distributed.
Making use of a general expression for the Debye-Waller Factor
𝐷𝑒𝑏𝑦𝑒 𝑊𝑎𝑙𝑙𝑒𝑟 𝐹𝑎𝑐𝑡𝑜𝑟 = 〈exp(i𝐬 ∙ 𝐮)〉2

7.27

𝐷𝑊𝐹 = exp( −𝐬𝟐 ∙ 〈𝒖𝟐 〉 ).

7.28

Where <u2> is the mean square atomic displacement about u0 = 0 for some atom in some
sheet. Uij and Bij have their typical meaning
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𝑈𝑖𝑗 = 〈𝒖2 〉 𝑎𝑛𝑑 𝐵𝑖𝑗 = 𝐶𝑖𝑗 = 8π2 〈𝒖2 〉.

7.29

We proceed by assuming that the MSD of the constituent atoms are representative of the
MSD of the sheet, and that it follows a standard normal distribution. The value of <u2>
can then be calculated as
〈𝒖2 〉 = ∑ 𝒖2𝑖 ∙ 𝒑𝒊

7.30

𝑖

1 𝒖𝒊 − 𝝁 2
〈𝒖2 〉 = ∑ 𝒖2𝑖 ∙ (𝑁 exp (− (
) )).
2
𝝈

7.31

𝑖

Where N is the normalization factor, and μ and σ have their typical meanings and have
components in three dimensions. Assuming that the displacement is isotropic and with
reference to the atom position, the exponential terms become equivalent and μ becomes
zero. Further, it can be shown that N for any dimension D is
𝑁=

1
𝐷√2 π σ2

.

7.32

Making the appropriate substitutions, collecting terms, and exchanging the discrete sum
for an integral over all space, we have
〈𝑢2 〉 =

∞

1
√2 π σ2

∫
−∞

1 𝑢 2
𝑢2 exp (− ( ) ) 𝑑𝑢 .
2 𝜎

7.33

With the change of variables
1 𝑢 2
𝑥= ( ) .
2 𝜎

7.34

And recognizing the integrand as a symmetric function, the integral becomes
〈𝑢2 〉

=

4 𝜎3
√4 π σ2

∞

∫ 𝑥1/2 exp(−𝑥)𝑑𝑥 .

7.35

0

In which the integral is readily recognized as the Γ-function Γ(3/2)
∞
3
√π
Γ(t) = ∫ 𝑥 𝑡−1 exp(−𝑥)𝑑𝑥 , 𝑎𝑛𝑑 𝛤 ( ) =
.
2
2
0

7.36

After substitution and collection of terms, we obtain the result that in the isotropic case,
the MSD is equal to the square of the standard deviation, i.e.
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〈𝑢2 〉 = 𝜎 2 [Å2 ]

7.37

𝑈𝑖𝑠𝑜 = 𝜎 2 , 𝑎𝑛𝑑 𝐵𝑖𝑠𝑜 = 8π2 𝜎 2 [Å2 ] .

7.38

Where convenient, the following expressions should be equivalent
𝑝(𝑢 − 𝜇, 𝜎) =

1

1 𝑢−𝜇 2
exp (− (
) )
2
𝜎
√2π𝜎 2
4π
1 8 π2 (u − μ)2
= √
exp (−
) [Å−1 ]
Biso
2
𝐵𝑖𝑠𝑜

7.39

Thus we can see there is an equivalence between the statistically distributed sheet
correlations and the Debye-Waller-like effect approximating the uncorrelated position
fluctuations of layers in a stacking disorder model.
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7.6

Supplemental information to chapter 0

7.6.1

Energy dispersive spectroscopy

Elemental analysis of MnO2 nanosheet assemblies dispersed on carbon tape using
standardless energy dispersive spectroscopy (20 keV electron probe, FEI Quanta) reveals
trace quantities (< 1%) of potassium. These were considered negligible in the X-ray
modelling, as the influence of K would likely be indistinguishable from O occupancy.

Figure 42: Energy dispersive spectroscopy of the resulting δ-MnO2 nanosheet
assembly reveals only trace quantities of K.
Table XII: Energy Dispersive Spectroscopy of δ-MnO2 Nanosheet Clusters.
Element (characteristic emission) Wt% At%
O (K)

54.6

80.4

K (K)

0.5

0.3

Mn (K)

44.9

19.3
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7.6.2

STEM/TEM imaging of δ-MnO2 materials

δ-MnO2 nanosheets were dispersed on a holy carbon grid and investigated using a Hitachi
HF-3300 TEM/STEM operated at 300 keV. The high degree of transparency and general
absence of contrast in the bright field image (Figure 43(a)) supports the hypothesis of
complete exfoliation of the protonated birnessite.
A representative high resolution (HRTEM) image (Figure 43(b)) indicates the extensive
atomic disorder present in the defective δ-MnO2 sheet motif. Domains of lattice fringes
with 60° and 120° angles are apparent amongst more poorly defined regions.

Figure 43: STEM and HRTEM images of exfoliated δ-MnO2 nanosheets
dispersed on a holy carbon grid and collected on a Hitachi HF-3300 TEM/STEM
with 300 keV probe provide evidence of initial exfoliation and of the extensively
defective nature of the resulting nanosheet. Reprinted by permission from
Springer Nature: Nat. Comm. 8 14559, copyright 2017).5
7.6.3

Experimental determination of Jeong peak width model

The peak width of the pair distribution function is nominally gaussian, but is perturbed by
two r-dependent factors- correlated motion which causes peak sharpening at low-r 6,7, and
instrumental broadening due to finite Q-resolution of the diffraction instrument. These
factors are lumped into an effective peak width model used in the DiffPy-CMI framework
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𝜎𝑖𝑗 = 𝜎𝑖𝑗′ √1 −

𝛿1 𝛿2
2
− + 𝑄𝑏𝑟𝑜𝑎𝑑
𝑟𝑖𝑗2
𝑟𝑖𝑗 𝑟𝑖𝑗2

7.40

where 𝜎𝑖𝑗′ contains the intrinsic r-independent peak width due to thermal motion and
static disorder. An additional scaling factor is introduced by finite Q-resolution which
leads to an exponential damping of the PDF amplitude
𝐵(𝑟) =

2
1
− (𝑟𝑄𝑑𝑎𝑚𝑝 )
2
𝑒

7.41

The parameters δ1 and Qbroad have been refined using experimental CeO2 data collected
under identical experimental conditions on APS 11-ID-B. Rapid-acquisition PDF
measurements8,9 were performed in Debye-Scherrer geometry using polarized, Si<311>
monochromated 58.66 keV (0.2114 Å) X-rays and a 2D amorphous silicon detector. Data
for PDF extraction were collected over a Q-range of 0.4-24.5 Å-1.

Figure 44: Refinement of instrumental broadening parameters using CeO2. δ2 was
fixed to zero while Ce and O Uiso values, δ1, and Qbroad were refined.

132

Table XIII: Refined Parameters for the CeO2 Standard.
value
a [Å] 5.41029(48)
scale [] 0.353(16)
δ1 [Å]
1.08(52)
-2
Ce Uiso [Å ] 0.00372(38)
O Uiso [Å-2] 0.0207(41)
Qdamp [Å-1] 0.0340(20)
Qbroad [Å-1] 0.0085(68)
7.6.4

Visualization of parameter covariance and distributions

The results of the Markov Chain Monte Carlo (MCMC) analysis of parameter
distributions is conveniently visualized using a corner plot

10

. This plot shows likely

independent parameter distributions (one dimensional projections) and the two
dimensional parameter distributions (contour plots) for each parameter combination.
Overlaid on these distributions is the refined value (blue crosshairs).
The contour plots provide convenient insight into parameter correlation, as uncorrelated
parameters are cylindrical in cross-section. It is noteworthy that the one dimensional
parameter distributions are generally non-gaussian and asymmetric.

133

Figure 45: A corner plot of the final refinement demonstrates parameter correlation and
the parameter distribution consistent with the observed data. A high resolution version of
this image is available online (doi: 10.6084/m9.figshare.4893170).
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7.7
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